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Abstract

A mathematical model has been presented for analyzing the flow of micropolar

nanofluid above a convectively heated permeable stretching sheet with Cattaneo-

Christov double diffusion. The similarity transformation is utilized to change the

governing partial differential equations (PDEs) to a system of nonlinear ordinary

differential equations (ODEs). The resulting system of ODEs is sorted out mathe-

matically by utilizing the shooting method. Graphical results are exploited to view

the behavior of emerging parameters on velocity, temperature and concentration

of nanofluid. The effects of non-dimensional parameters on velocity, temperature

and concentration have been discussed with the help of graphs for both suction

and injection cases. Moreover, for comprehension, the physical presentation of

the embedded parameters, such as unsteady squeezing parameter, thermal radia-

tion parameter, thermophoresis parameter, Levis number and Prandtl number are

plotted and discussed graphically. Numerical computations are performed for the

local Sherwood and Nusselt number and skin friction coefficient and discussed in

this work. Extend the flow analysis by considering the additional effects of Cat-

taneo Christov double diffusion model with the assumptions of laminar, steady,

incompressible, two dimensional, porous stretching sheet, viscous dissipation, non-

linear thermal radiation, Joule heating with convective boundary condition. It is

observed that the electric field is dominant over the magnetic field. The behav-

ior of velocity profile is reserved in the absence of the electric field. Further, the

nonlinear thermal radiation aggregates the temperature profile.
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Chapter 1

Introduction

Micropolar fluid is a viscousofluid that suspends stiff tiny particlesothat are ran-

domly oriented and rotate and spin slightly aboutotheir own axes. Examples

of micropolar fluids include animal blood,oanisotropic fluids, lubricating fluids,

intricate biological structures,oand specific polymer solutions. Magnetohydrody-

namicsois the name of the science that examines how a magnetic field affects the

movement of a highly conducting fluid (MHD).

There are countlessoapplications in engineering and business of Newtonian andonon-

Newtonian flowsoin the presence ofomagnetic fields. The preparation of food prod-

ucts, oil industry, microelectronic devices, geothermal energy extraction of metals,

accelerators, atomic reactors, liquid beads and sprays, and MHDopower generators

are a few of the noteworthy applications of MHD. The theory of the micropolar

fluid was first put forth by [1].

In Eringen’s theory, a newoconstitutive equation andoa new micro-rotationomaterial

independent vector fieldoare added to theoNavier Stokes equation. Eringen [2] ex-

panded hisofindings by developing a generalised theory of thermomicropolarofluids.

Shu and Lee [3] computed several fundamentalosolutions forounbounded steady

Oseen, Stokes, Stokeslet,oStokes couplet, Oseenlet, andoOseen couplet flow in

three and two dimensions. Rashad et al [4] investigated the boundary layer flowoof

micropolar fluid f or c oupledoheat a nd mass t ransferoacross a  s tratified medium

1



Introduction 2

andoisothermal vertical surface, as well as chemical reaction andomixed convec-

tion. Mabood et al. [5] published an investigation of two-dimensional micropo-

larofluid flow in aonon Darcian with temperatureodependent thermal conductiv-

ity and thermal radiation. They also studied viscous-Ohmicodissipation,oSoret

effects, andonon-uniform heatosources for flow, heat, and mass transport. To

solve the governing differential equation, the shooting technique is used with the

Runge-Kutta-Fhelbergomethod.

Mirzaaghaianoand Ganji [6] investigate the flow of a micropolar fluid in a per-

meable tube for temperature andovelocity distribution. The differential transfor-

mation method is used tooaddress the problem. They concluded that decreasing

the Reynolds number increases the value of theostream function. Micropolar flu-

ids have micro-constituents that can rotate, the appearanceoof which can alter

the hydrodynamics of the stream, making itoplainly non-Newtonian. In everyday

life, non-ideal fluids such as macromolecules, animaloblood, and shampoo can be

found.

Turkyilmazoglu [7] investigated the MHD micropolarofluid over a deformable heat-

ed/cooledoporous plate,oincluding heat generation and absorption effects. The

flow, temperature, and concentration characteristics are precisely solved analyti-

cally. Bilal et al. [8] have attempted to investigate the Halloand ion-slip effectsoon

magneto-micropolar nanofluidoflow via a porous medium. They employed vary-

ingothermal physical parametersoto numerically study heat transmission over the

permeableosheet. More about theomicropolar fluid with differentoaspects can be

found in [9]-[13].

Nanofluids are regular fluids with nanoscale metal or metallic oxide particles added

to improve the thermal conductivityoof the working liquids. Researchers have gen-

erally acknowledged Choi’s contribution to the modellingoand thorough investiga-

tion of nanofluids [14].

He conducted an experiment to demonstrate that adding nanofluids to base flu-

ids can improve their thermal properties. For the first time, Buongiorno estab-

lished two component slip mechanism models for the massoand energy transport
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inonanofluids, namely Brownian motion and thermophoresis of nanofluid.

Ramzan andoBilal [16] investigate the seriesosolution of an un-steady second-

grade nanofluid caused by aoporous perpendicularosheet inothe presence

ofomixed convection, heatoradiation, and magnetohydrodynamics. Pal et al.

[17] developed numericalosolutions for MHD Casson nanofluid boundary layer

flow across a verticalonon-linear porousosurface with Ohmic dissipationoand heat

radiation.

Khan et al. [18] investigated the unsteadyoFlakner-Skan wedgeoflow of Car-

reauonanofluid across a stretched sheet using the zero mass fluxoand melting

heatocondition at the boundary. They investigated the impact of nanofluids us-

ing Brownian motion andothermophoresis methods. Hayat et al. [19] adopted

an analytical approach lately focused on evenly applied magnetic fieldoand heat

generation/absorption overothree dimensional electrically conductingoOldroyd-B

nanofluid flow generated by stretching surface. They used the convective boundary

forotemperature and the zero mass flux criterion for nanoparticle mass diffusion.

The numerical approach was utilised by Bilal et al. [20] to solve the problem of

three-dimensionaloupper convected Maxwell nanofluid withononlinear thermal ra-

diation andomagnetohydrodynamics overoa bidirectional plate.oSome other nom-

inatedoarticles featuring the importanceoof nanofluid are highlightedoas [21]-[23].

The use of nanofluidotechnology may also beoseen in bubble electrospinningo[24],

which used bubbles to create nanomaterials such as porous nanoscaleomaterials,

nanoparticles, two-dimensionalonanomaterials, and nanofibers. Bubbfiloand blown

bubblespinning are the most often utilisedoindustrial nanofiber production meth-

ods [25]-[26].

The concept ofofractional calculus or fractalocalculus is applied when working with

nanomaterials or nanofibers. Some information is lost when a  higher-dimensional

(3D)oproblem isoreduced to a lower-dimensionalo(2D or 1D)problem. The two

scale approach is typically used to reveal missing information. A two-scale transfor-

mation converts fractional calculus [27]-[29] intootraditional partner to make two-

scale thermodynamics practical. Thermal radiation isothe term describingothe
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phenomenon of heat transmissionoby electromagnetic waves. It happens as a re-

sult of a significant temperature difference between the two media. The majority

ofotechnical activities takeoplace at respectable temperatures.

1.1 Thesis Contributions

In this thesis, we provide a review study of Hussain [30] and extend theoflow

analysis by consideringothe additional effects ofoCattaneo-Christov double diffu-

sion model with the assumptionsoof laminar, steady, incompressible,otwo dimen-

sional, porous stretchingosheet, viscous dissipation, nonlinear thermal radiation,

Joule heating with convective boundary condition. The obtained system ofoPDEs

is transformed intooa system of nonlinear and coupled ODEs byousing a suit-

ableosimilarity transformation. A numerical solutionoof the system of ODEsois

obtained by employingothe shooting method. The mathematical inferencesoare

discussed for differentophysical parameters appearing inothe solution influencing

theoflow and heat transform.

1.2 Thesis outlines

Chapter 2 demonstrates some important definitions, l aws a nd c oncepts which

are useful in understanding the upcoming work.

Chapter 3 contains a comprehensive numericaloreview of [30]. A numerical study

of micropolar nanofluidothrough a horizontal sheetowith convective boundary con-

ditions is analyzed. The constitutive flowomodel e xpression a reosorted o ut nu-

mericallyoand the impactoof physical parameters concerningothe flow modeloon

dimensionless energy, velocity, andomicrorotation are presentedothrough graphs

andotables.

Chapter 4 extends the flow model d iscussed i n Chapter 3  by i ncluding t he im-

pacts of Cattaneo-Christov double diffusion. The r educed s ystem o f ODEs after

applying a proper similarity transform is solved numerically. Graphs and tables
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describe the behavior of physical quantities such as, Pr, Nb, Nt, Ec, Le, M , and

R etc. Numerical values ofoskin friction coefficient, Nusseltonumber and Sher-

woodonumber have also been computed and discussed in this Chapter.

Chapter 5 summarizes overall analysis performed in this dissertation.



Chapter 2

Preliminaries

In this chapter, certain fundamental definitions, governing laws and dimensional

quantities are presented that will be useful in the subsequent chapters.

2.1 Some Basic Terminologies

Definition 2.1.1 (Fluid)

“A fluid isoa substance that deformsocontinuously under theoapplication of a shear

(Tangential) stress noomatter how small the shear stressomay be.” [31]

Definition 2.1.2 (Fluid Mechanics)

“Fluid mechanics isothat branchoof science which dealsowith the behavioroof the

fluids (liquids or gases) atorest as well as in motion.” [32]

Definition 2.1.3 (Fluid Dynamics)

The study of fluid if the pressure forcesoare also considered for theofluids in motion,

that branchoof science is called fluid dynamics. [32]

Definition 2.1.4 (Fluid Statics)

“The study of fluidsoat rest is calledofluid statics.” [32]

Definition 2.1.5 (Viscosity)

“Viscosity isodefined asothe property of a fluidowhich offers resistanceoto the

6
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movement of one layer of fluidoover another adjacentolayer of the fluid. The

topolayer causes aoshear stress on theoadjacent lower layer while theolower layer

causes a shear stressoon the adjacent top layer. This shear stressois proportional

to the rate ofochange of velocity with respect to y. It isodenoted by symbol τ .

Mathematically,

τ ∝
du

dy

τ = µ
du

dy

µ =
τ
∂u
∂y

,

where µ (called mu) is the constantoof proportionality and isoknown as the coeffi-

cient of dynamic viscosity oroonly viscosity. du
dy

represents the rateoof shear strain

or velocity gradient.” [32]

Definition 2.1.6 (Kinematic Viscosity)

“It is defined as the ratioobetween the dynamic viscosityoand density of the fluid.

It is denoted byosymbol ν called nu. Mathematically,

ν =
µ

ρ
.” [32]

Definition 2.1.7 (Thermal Conductivity)

“The Fourier heat conduction lawostates that the heat flow isoproportional to

the Temperatureogradient. The coefficient of proportionalityois a material pa-

rameter known as the thermaloconductivity, which may be a function of several

variables.” [33]

Definition 2.1.8 (Thermal Diffusivity)

“The rate at which heat diffuses by conducting through a material depends on the

Thermal diffusivity. It can be defined as

α =
k

ρCp

,

where α is the thermal diffusivity, k is the thermal conductivity, ρ is the density
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and Cp is the specifc heat at constantopressure.” [33]

2.2 Types of Flow

Definition 2.2.1 (Rotational Flow)

“Rotational flow is thatotype of flow in which the fluid particles, whileoflowing

along stream-lines, also rotateoabout their own axis.” [32]

Definition 2.2.2 (Irrotational Flow)

“Is the fluid particles while flowingoalong stream-lines, do not rotateoabout their

own axis then this type of flowois called Irrotational flow.” [32]

Definition 2.2.3 (Compressible Flow)

Compressible flow isothat type of flow in which the densityoof the fluid changes

from point to pointoor in other words the density (ρ) is not constant for theofluid,

Mathematically,

ρ ̸= Constant [32]

Definition 2.2.4 (Incompressible Flow)

Incompressible flow is thatotype of flow in which the density isoconstant for the

fluid. Liquids are generally incompressibleowhile gases are compressible. Mathe-

matically,

ρ = Constant. [32]

Definition 2 .2.5 ( Internal Flow)

“Flows completely boundedoby a solid surfaces are calledointernal or duct flows.” [31]

Definition 2 .2.6 (External Flow)

“Flows over bodies immersedoin an unboundedofluid a re s aid t o b e a n external

flow.” [31]
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2.3 Types of Fluid

Definition 2.3.1 (Ideal Fluid)

“A fluid, which is incompressibleoand has no viscosity, is an idealofluid. Ideal fluid

is only an imaginary fluid asoall the fluids, which exist, have some viscosity.” [32]

Definition 2.3.2 (Real Fluid)

“A fluid, which possessesoviscosity, is known as a real fluid. In actual practice, all

the fluids are real fluids.” [32]

Definition 2.3.3 (Newtonian Fluid)

“A real fluid, inowhich the shear stress is directlyoproportional to the rate of shear

strain (or velocity gradient), isoknown as a Newtonian fluid.”

τ ∝
(
du

dy

)
,

τ = µ

(
du

dy

)
.” [32]

Definition 2.3.4 (Non-Newtonian Fluid)

“A real fluid inowhich the shear stress is not directly proportional to theorate of

shear strain (or velocity gradient), is known as a non-Newtonian fluid.

τ ∝
(
du

dy

)m

, m ̸= 1

τ = µ

(
du

dy

)m

.” [32]

Definition 2.3.5 (Ideal Plastic Fluid)

“A fluid, in whichoshear stress is more than the yieldovalue and shear stress is

proportionaloto the rate of shear strain or (velocity gradient), is known as a ideal

plastic fluid.” [32]

Definition 2.3.6 (Magnetohydrodynamics)

“Magnetohydrodynamics(MHD) is concerned withothe mutual interaction of fluid

flow andomagnetic fields. The fluids in question must be electricallyoconducting
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and non-magnetic, which limits us to liquid metals, hot ionisedogases (plasmas)

and strong electrolytes.” [34]

2.4 Modes of Heat Transfer

Definition 2.4.1 (Heat Transfer)

“Heat transfer is a branchoof engineering that deals with theotransfer of thermal

energy from oneopoint to another within a medium or from one mediumoto another

due to the occurrence of a temperature difference.” [33]

Definition 2.4.2 (Conduction)

“The transfer of heatowithin a mediumodue to a diffusion process is called con-

duction.” [33]

Definition 2.4.3 (Convection)

“Convection heat transfer is usually definedoas energy transport effected by the

motion of a fluid. Newtons law of cooling governs the convection heatotransfer

between two different media.” [33]

Definition 2 .4.4 (Thermal Radiation)

“Thermal radiation is definedoas r adiant ( electromagnetic) e nergy emitted by a

medium and is sole to the temperature of theomedium. Sometimes radiant energy

is takenoto be transported by electromagnetic wavesowhile at other times it is

supposed to be transportedoby particle like photons.” [33]

2.5 Dimensionless Number

Definition 2.5.1 (Eckert Number)

“It is the dimensionless number used in continuum mechanics. It describes the

relation between flows and the boundary layeroenthalpy difference and is used to
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characterized heat dissipation. Mathematically,

Ec =
u2

Cp∇T

where Cp denotes the specific heat.” [31]

Definition 2.5.2 (Prandtl Number)

“It is the ratio between the momentum diffusivity ν and thermal diffusivity α.

Mathematically, it can be defined as

Pr =
ν

α
=

µ
ρ

k
Cpρ

=
µCp

k

where µ represents the dynamic viscosity, Cp denotes the specific heat and k stands

for thermal conductivity. The Prandtl number controls the relatives thickness of

thermal and momentum boundary layer. For small Pr, heat distributed rapidly

corresponds to the momentum.” [31]

Definition 2.5.3 (Skin Friction Coefficient)

“The steady flow of an incompressible gas or liquid in a long pipe of internal D.

The mean velocity is denoted by uw. The skin friction coefficient can be defined

as

Cf =
2τ0
ρu2

w

where τ0 denotes the wall shear stress and ρ is the density.” [35]

Definition 2.5.4 (Nusselt Number)

“The hot surface is cooledoby a cold fluidostream. The heat fromothe hot surface,

which isomaintained at a constantotemperature, is diffused throughoa boundary

layeroand convected awayoby the cold stream. Mathematically,

Nu =
qL

k

where q stands for the convection heat transfer, L for the characteristic length and

k stands for thermal conductivity.” [36]



Basic Terminologies 12

Definition 2.5.5 (Sherwood Number)

“It is the non-dimensional quantity that shows theoratio of the massotransport by

convectionoto the transfer of massoby diffusion. Mathematically:

Sh =
kL

D

here L is characteristics length, D is the mass diffusivityoand k is the mass trans-

ferocoefficient.” [37]

Definition 2.5.6 (Lewis Number)

“The Lewis numberocan be defined as the ratio ofothermal diffusivity to molecular

diffusivity. I t c haracterizesothe m utual r elation o f h eatoand m ass t ransfers in

various materials. Mathematically

Le =
λ

ρ DmCp

where λ is the thermaloconductivity, Dm the molecular diffusivity, and Cp the

specific heat capacity at constant pressure.” [31]

2.6 Governing Laws

Definition 2.6.1 (Continuity Equation)

“The principle ofoconservation of massocan be stated as the time rateoof change of

massoin a fixed volume is equal to the net rate of flow of mass across the surface.

The mathematical statementoof the principle results in the following equation,

knownoas the continuity (of mass) equation

∂ρ

∂t
+∇.(ρv) = 0.

where ρ is the density (kg/m3) of the medium, v the velocity vector (m/s), and ∇

is the nabla or del operator. For steady-state conditions, theocontinuity equation



Basic Terminologies 13

(2.1) becomes

∇.(ρv) = 0. (2.1)

When the density changesofollowing a fluid particle areonegligible, the continuum

is termed incompressible. The continuity equation (2.2) becomes

∇.v = 0. (2.2)

which is often referred tooas the incompressibilityocondition or incompressibility

constraint.” [33]

Definition 2.6.2 (Momentum Equation)

The principle of conservation of linear momentumo(or Newton’s Second Law of

motion) states that the time rateoof change of linear momentum of a given set

ofoparticles is equal to the vector sum of all the external forces actingoon the

particles of the set, provided Newton’s ThirdoLaw of action and reaction governs

the internal forces. Newton’s Second Law can be written as

∂

∂t
(ρv) +∇.[(ρv)v] = ∇.σ + ρf. (2.3)

Where is the tensor (or dyadic) product of two vectors, σ is the Cauchy stress ten-

sor (N/m2) and f is the body force vector, measured per unit mass and normally

taken to beothe gravity vector.

Equation (2.1) describes the motion of a continuous medium, and inofluid me-

chanics they are also known as the Navier equations. The form of the momentum

equation shown in (2.4) is the conservation (divergence) form that is most of-

tenoutilized for compressible flows. This equation may be simplified to aoform

more commonly used with incompressible flows. Expanding the first two deriva-

tivesoand collecting terms

ρ

(
∂v

∂t
+ v∇.v

)
+ v

(
∂ρ

∂t
+∇.ρv

)
= ∇.σ + σf. (2.4)

The second term in parentheses is the continuity equation (2.1 and neglecting this
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term allows (2.5) to reduce to the non-conservation (advective) form

ρ

(
∂v

∂t
+ v∇.v

)
= ∇.σ + ρf. [33] (2.5)

Definition 2.6.3 (Energy Equation)

“The law of conservationoof energyo(or the First Law of Thermodynamics)ostates

that the time rate ofochange of the total energy is equaloto the sumoof the rate

of work done by applied forcesoand the change of heatocontent per unit time.

In the general case, the First Law ofoThermodynamics can be expressed in con-

servation form as

∂ρ et

∂t
+∇.ρvet = −∇.q+∇.(σ.v) +Q+ σf.v (2.6)

where et = e+1/2v.v is the total energy (J/m3), e is the internal energy, q is the

heat flux vector (W/m2) and Q is the internal heat generation (W/m3).

The total energy equation (2.7) is useful for high speed compressible flows where

the kinetic energy is significant.

For incompressible flows, an internal energy equation is more appropriate and can

be derived from (2.7) with use of the momentum equation (2.4).

Taking the dot product of theovelocity vector with the momentum equation pro-

duces an equation for the kinetic energy; this equation is subtracted from the total

energy equation (2.7) to produce the conservation (divergence) form of the internal

energy equation
∂ρ e

∂t
+∇.ρve = −∇.q +Q+ ϕ (2.7)

where ϕ is the dissipation function that is defined by

ϕ = σ : ∇ : ∇v (2.8)

In Eq.(2.9) ∇v is the velocity gradient tensor. [33]
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2.7 Shooting Method

To elaborate the shooting method, consider the following nonlinear BVP.

N ′′(x) = N(x)N ′(x) + 2N2(x)

N(0) = 0, N(H) = G.

 (2.9)

To reduce the order of the above boundary value problem, introduce the following

notations.

N = X1 N ′ = X ′
1 = X2 N ′′ = X ′

2. (2.10)

As a result,

X ′
1 = X2, X1(0) = 0, (2.11)

X ′
2 = X1X2 + 2X2

1 X2(0) = k (2.12)

where k is the missing initial condition. The missing condition k is to be chosen

such that

X1(H, k) = G. (2.13)

Now onward X1(H, k) will be denoted by X1(k). Let us further denote X1(k)−G

by M(k), so that

M(k) = 0. (2.14)

The above equation can be solved by using Newton’s method with the following

iterative formula

kn+1 = kn −
Mkn
∂Mkn
∂k

,

kn+1 = kn −
X1kn −G

∂X1kn
∂k

. (2.15)
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To find ∂X1kn
∂k

, introduce the following notations

∂X1

∂k
= X3,

∂X2

∂k
= X4. (2.16)

As a result of these new notations, the Newton’s iterative scheme, will then get

the form

kn+1 = kn −
X1kn −G

X3kn
. (2.17)

Now differentiating the system of two first order ODEs (2.11)-(2.12) with respect

to k, we get another system of ODEs, as follows

X ′
3 = X4, X3(0) = 0, (2.18)

X ′
4 = X3X2 +X1X4 + 4X1X3. X4(0) = 1. (2.19)

Writing all the four ODEs (2.11), (2.12), (2.18) and (2.19) together, we have the

following initial value problem

X ′
1 = X2, X1(0) = 0,

X ′
2 = X1X2 + 2X2

1 , X2(0) = k,

X ′
3 = X4, X3(0) = 0,

X ′
4 = X3X2 +X1X4 + 4X1X3. X4(0) = 1.

The above system together will be numerically solvedoby Runge-Kutta technique

of order four. The stopping criteria for the Newton’s technique is set as,

| X1(k)−G |< ϵ.

Here ϵ > 0 is small positive real number.



Chapter 3

Magneto-micropolar Nanofluid

Flow over a convectively heated

sheet with non-linear radiation

and viscous dissipation

3.1 Introduction

The review study of Hussain [30] is provided in this chapter. To convert theoboundary

layer equations intoononlinear and coupledoordinary differential equations, an ap-

propriate similarity transformation is used.

The shooting method is used to sort out these ODEs numerically. Graphical

representations areoalso provided to explain the effect of evolvingoparameters.

Tables and graphs are used to investigate the numerical results produced.

3.2 Problem Formulation

Figure 3.1 depicts the shape of the flow model.

17
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Figure 3.1: Geometry of the problem.

The set of equations describing the flow is as follows

∂u

∂x
+

∂v

∂y
= 0, (3.1)

u
∂u

∂x
+ v

∂u

∂y
=

(
µ+ k

ρ

)
∂2u

∂2y
+

k

ρ

∂G

∂y
+

σ

ρ

(
E0B0 −B2

0u
)
, (3.2)

u
∂G

∂x
+ v

∂G

∂y
=

γ∗

ρj

∂2G

∂2y
− k

ρj

(
2G+

∂u

∂y

)
, (3.3)

u
∂T

∂x
+ v

∂T

∂y
=

k

ρCp

(
∂2T

∂2y

)
+

(uB0 − E0)
2 σ

ρCp

− 1

ρCp

∂qr
∂y

,

+

(
µ+ k

ρCp

)(
∂u

∂y

)2

+ τ

[
DB

∂T

∂y

∂C

∂y
+

DT

T∞

(
∂T

∂y

)2
]
, (3.4)

u
∂C

∂x
+ v

∂C

∂y
= DB

∂2C

∂2y
+

DT

T∞

∂2T

∂2y
. (3.5)
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The aforementioned set of equations’ corresponding boundary conditions are:

u = ax+ α∗
[
(µ+ k)

∂u

∂y
+ kG

]
, v = vw,

G = −n
∂u

∂y
, − k

(
∂T

∂y

)
= hft (Tf − T ) ,

−DB
∂C

∂y
= hfc (Cf − C) at y = 0,

u → 0, G → 0, T → T∞, C → C∞ as y → ∞.


(3.6)

3.3 Conversion of the Model

In this section, we convert the system ofoequations (3.1)-(3.5) along with the

boundary conditions (3.6) into a unitless form. The following similarity transfor-

mation is employed

ζ =

√
a

v
y, G = ax

√
a

v
h(ζ), u = axf ′(ζ), v = −

√
avf(ζ),

θ(ζ) =
T − T∞

Tf − T∞
, ϕ(ζ) =

C − C∞

Cf − C∞
.

 (3.7)

In the above discussions K, M , fw, Pr, α, E, R, Ec, Nt, Nb and Le are the material

parameter, Hartman number, suction/injection parameter, Prandtl number, slip

parameter, electric parameter, radiation parameter, Eckert number, thermophore-

sis parameter, Brownian motion parameteroand Lewis number respectively. These

quantities are written as follows:

K =
k

µ
, M2 =

σB2
0

ρa
, fw = −(av)

−1
2 vw, Pr =

µCp

k
,

α = α∗µ

√
a

v
, E =

E0

µwB0

, R =
4σ∗T 3

∞
k∗k1

, Ec =
u2
w

Cp (Tf − T∞)
,

Nt =
τDT

vT∞
(Tf − T∞) , Nb =

τ

v
DB (Cf − C∞) , Le =

α

DB

,

γ2 =
hfc

DB

√
v

a
, γ1 =

hft

k

√
v

a
, Re2x =

ax

v
, θw =

Tf

T∞
.
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The entire procedure for converting (3.1)-(3.5) into the dimensionless form is dis-

cussed below:

u = axf ′(ζ)

∂u

∂x
=

∂

∂x
(axf ′(ζ))

= af ′(ζ). (3.8)

v = −
√
avf(ζ).

∂v

∂x
= − ∂

∂x

(√
avf(ζ)

)
= −

√
avf ′

(√
a

v
y

)(√
a

v

)
= −af ′(ζ). (3.9)

Using (3.8) and (3.9) in (3.1)

∂u

∂x
+

∂v

∂y
= af ′(ζ)− af ′(ζ) = 0.

Procedure for the conversion of (3.2) into the dimensionless form is as follow

∂u

∂y
= ax

∂

∂y
f ′
(√

a

v
y

)
= axf ′′

(√
a

v
y

)
∂

∂y

(√
a

v
y

)
=

a
3
2xf ′′(ζ)√

v
.

u
∂u

∂x
= (axf ′(ζ)) (af ′(ζ)) = a2x (f ′(ζ))

2
. (3.10)

v
∂u

∂y
= −

√
avf(ζ)

a
3
2xf ′′(ζ)√

v
= −a2xf(ζ)f ′′(ζ). (3.11)

Using (3.10) and (3.11), the left side of (3.2) becomes:

u
∂u

∂x
+ v

∂u

∂y
= a2x (f ′(ζ))

2 − a2xf(ζ)f ′′(ζ)

= a2x

[
(f ′(ζ))

2 − f(ζ)f ′′(ζ)

]
.
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The following approach has been used to transform the right side of (3.2) into a

dimensionless form

∂u

∂y
= ax

∂

∂y
f ′
(√

a

v
y

)
= axf ′′

(√
a

v
y

)
∂

∂y

(√
a

v
y

)
=

a
3
2xf ′′(ζ)√

v
.

∂2u

∂2y
=

a
3
2x√
v
f ′′′
(√

a

v
y

)
∂

∂y

(√
a

v
y

)
=

a2xf ′′′(ζ)

v
. (3.12)

∂G

∂y
= ax

√
a

v

∂

∂y
h(ζ) = ax

√
a

v
h′(ζ)

∂

∂y

(√
a

v
y

)
=

a2x

v
h′(ζ). (3.13)(

µ+ k

ρ

)
∂2u

∂2y
=

(
µ+ k

ρ

)
a2x

v
f ′′′(ζ)

= a2x

[(
µ+ k

ρ v

)
f ′′′(ζ)

]
= a2x

[(
µ+ k

µ

)
f ′′′(ζ)

]
= a2x

[(
µ

µ
+

k

µ

)
f ′′′(ζ)

]
= a2x (1 +K) f ′′′(ζ). (3.14)(

∵ K =
k

µ

)
k

ρ

∂G

∂y
=

k

ρ

a2 x

v
h′(ζ) = a2x

[
k

ρ v
h′(ζ)

]
= a2x

[
k

µ
h′(ζ)

]
= a2 Kxh′(ζ). (3.15)

σ

ρ

(
E0B0 −B2

0µ
)
=

σ

ρ

(
E0B0 −B2

0axf
′(ζ)
)

= a2x

[
σ E0B0

ρ a2 x
− σ B2

0

ρ a
f ′(ζ)

]
= a2x

[(
B2

0σ

aρ

)(
E0

axB0

)
−
(
σ B2

0

aρ

)
f ′(ζ)

]
= a2x

[
M2E −M2f ′(ζ)

]
. (3.16)(

∵ M2 =
σ B2

0

ρ a
,E =

E0

axB0

)

Using (3.12)-(3.16) in the right side of (3.2), we get

(
µ+ k

ρ

)
∂2u

∂2y
+

k

ρ

∂G

∂y
+

σ

ρ

(
E0B0 −B2

0µ
)

= a2x [(1 +K) f ′′′(ζ)] + a2x [Kh′(ζ)] + a2x
[
M2E −M2f ′(ζ)

]
.
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Hence the dimensionless form of (3.2) becomes:

a2x
[
(f ′(ζ))

2 − f(ζ)f ′′(ζ)
]
= a2x [(1 +K) f ′′′(ζ)] + a2x [Kh′(ζ)] + a2x

[
M2E

−M2f ′(ζ).

⇒
[
(f ′(ζ))

2 − f(ζ)f ′′(ζ)
]
= [(1 +K) f ′′′(ζ)] + [Kh′(ζ)] +

[
M2E −M2f ′(ζ)

]
.

⇒ (1 +K) f ′′′ + ff ′′ − f ′2 −M2f ′ +Kh′ +M2E = 0. (3.17)

Procedure for the conversion of (3.3) into the dimensionless form is as follows:

∂G

∂x
= a

√
a

v

∂

∂x

(
xh(

√
a

v
)

)
=

a
3
2h(ζ)√
v

.

u
∂G

∂x
= axf ′(ζ)× a

3
2h(ζ)√
v

=
a

5
2xf ′h(ζ)√

v
. (3.18)

∂G

∂y
= ax

√
a

v
h′(

√
a

v
y)

√
a

v
.

v
∂G

∂y
=
(
−
√
avf(ζ)

) a2x
v

h′(ζ)

= −a
5
2x√
v
f(ζ)h′(ζ). (3.19)

Using (3.18) and (3.19), the left side of (3.3) gets the following form:

u
∂G

∂x
+ v

∂G

∂y
=

a
5
2xf ′(ζ)h(ζ)√

v
− a

5
2xf(ζ)h′(ζ)√

v

=
a

5
2x√
v
[f ′(ζ)h(ζ)− f(ζ)h′(ζ)] . (3.20)

The following approach has been used to transform the right side of (3.3) into the

dimensionless form

∂2G

∂2y
=

∂

∂y

(
a2x

v
h′
(√

a

v
y

))
=

a2x

v
h′′(ζ)

(√
a

v
y

)
=

a
5
2x

v
3
2

h′′(ζ). (3.21)

∂u

∂y
=

a
3
2x√
v
f ′′(ζ).
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γ∗ =

(
µ+

k

2

)
j = µ

(
1 +

k

2µ
j

)
j = µ

(
1 +

K

2

)
j. (3.22)

γ∗

ρ j

∂2G

∂2y
=

µ

(
1 + K

2

)
j

ρ j

a
5
2x

v
3
2

h′′(ζ)

=
a

5
2x√
v

[µ(1 + K
2

)
ρ v

h′′(ζ)
]

=
a

5
2x√
v

[µ(1 + K
2

)
µ

h′′(ζ)
]

=
a

5
2x√
v

[(
1 +

K

2

)
h′′(ζ)

]
. (3.23)

k

ρ j

(
2G+

∂u

∂y

)
=

k

ρ j

[
2ax

√
a

v
h(ζ) +

a
3
2x√
v
f ′′(ζ)]

= a
5
2
x√
v

[
k

ρ j a
(2h(ζ) + f ′′(ζ))

]
= a

5
2
x√
v

[
k

ρ a v
a

(2h(ζ) + f ′′(η))

] (
∵ j =

v

a

)
= a

5
2
x√
v

[
k

ρ v
(2h(ζ) + f ′′(ζ))

]
= a

5
2
x√
v

[
K(2h(ζ) + f ′′(ζ))

]
. (3.24)

Using (3.21)-(3.24), the dimensionless form of right side (3.3) is as follows:

γ∗

ρ j

∂2G

∂2y
− k

ρ j

(
2G+

∂u

∂y

)
=

a
5
2x√
v

[(
1 +

K

2

)
h′′
]
− a

5
2
x√
v

[
K

(
2h(ζ) + f ′′(ζ))

]

Hence the dimensionless form of (3.3) becomes:

a
5
2x√
v
[f ′(ζ)h(ζ)− f(ζ)h′(ζ)] = a

5
2
x√
v

(
1 +

K

2

)
h′′(ζ)− a

5
2
x√
v
[K2h(ζ)

+ f ′′(ζ)].

⇒ [f ′(ζ)h(ζ)− f(ζ)h′(ζ)] =

(
1 +

K

2

)
h′′(ζ)−K (2h(ζ) + f ′′(ζ)) .
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⇒
(
1 +

K

2

)
h′′ + fh′ − f ′h−K (2h+ f ′′) . (3.25)

Now we include below the procedure for the conversion of (3.4) into the dimen-

sionless form

θ(ζ) =
T − T∞

Tf − T∞
.

⇒ T = (Tf − T∞) θ(ζ) + T∞. (3.26)

∂T

∂x
= 0. (3.27)

u
∂T

∂x
= 0. (3.28)

∂T

∂y
=

√
a

v
(Tf − T∞) θ′(ζ). (3.29)

v
∂T

∂y
= −a (Tf − T∞) θ′(ζ)f(ζ). (3.30)

Using (3.26)-(3.30), the left side of (3.4) gets the following form:

u
∂T

∂x
+ v

∂T

∂y
= 0− a (Tf − T∞) θ′(ζ)f(ζ)

= −a (Tf − T∞) θ′(ζ)f(ζ) (3.31)

To convert the right side of (3.4) into the dimensionless form, we proceed as follows

∂2T

∂2y
=

a

v
(Tf − T∞) θ′′(ζ).

k1
ρ Cp

∂2T

∂2y
=

k1
ρ Cp

a

v
(Tf − T∞) θ′′(ζ). (3.32)

(µ B0 − E0)
2 σ

ρ Cp

=
(µ2B2

0 + E2
0 − 2E0µ B0)σ

ρ Cp

=

(
a2x2 (f ′(η))2B2

0 + E2
0 − 2E0axf

′(ζ)B0

)
σ

ρ Cp

(u = axf ′(ζ))

= (ax)2B2
0

(
(f ′(η))2 +

E2
0

(ax)2B2
0

− 2E0

(ax)B0
f ′(ζ)

)
σ

ρ Cp

(u = ax)

= u2
wB

2
0σ

(
(f ′(ζ))2 + E2 − 2Ef ′(η)

)
ρ Cp

.

(
E =

E0

(ax)B0

)
(3.33)



Micropolar Flow of EMHD 25

(
µ+ k

ρ Cp

)(
∂u

∂y

)2

=

(
µ+ k

ρ Cp

)(
a

3
2x√
v

)2

(f ′′(ζ))
2

=

(
µ+ k

ρ v

)(
a3x2

Cp

)
(f ′′(ζ))

2

=

(
µ+ k

µ

)(
(ax)2 a

Cp

)
(f ′′(ζ))

2

=

(
µ

µ
+

k

µ

)(
u2
wa

Cp

)
(f ′′(ζ))

2
(uw = ax, µ = ρ v)

= (1 +K)

(
u2
wa

Cp

)
(f ′′(ζ))

2

(
K =

k

µ

)
=

[
(1 +K)

(
u2
w

Cp (Tf − T∞)

)(
vρ Cp

k1

)]
(f ′′(ζ))

2

(
ak1

vρ Cp

)
(Tf − T∞)

=
[
(1 +K)EcPr (f

′′(ζ))
2
]( ak1

vρ Cp

)
(Tf − T∞) . (3.34)

ϕ(ζ) =
(C − C∞)

(Cf − C∞)

⇒ C = ϕ(ζ) (Cf − C∞) + C∞ (3.35)

∂C

∂y
=

√
a

v
(Cf − C∞)ϕ′(ζ) (3.36)

τ DB
∂T

∂y

∂C

∂y
= τ DB

(√
a

v
(Tf − T∞) θ′(ζ)

)(√
a

v
(Cf − C∞)ϕ′(ζ)

)
=
[τ
v
DB (Cf − C∞) θ′(ζ)ϕ′(ζ)

]
a (Tf − T∞)

= Nbθ
′(ζ)ϕ′(ζ)a (Tf − T∞) .

(
Nb =

τ

v
DB (Cf − C∞)

)
(3.37)

τ
DT

T∞

(
∂T

∂y

)2

= τ
DT

T∞

(√
a

v
(Tf − T∞) θ′(ζ)

)2

=
τ

T∞

DT

v
(Tf − T∞) (θ′(ζ))

2
a (Tf − T∞)

= Nt (θ
′(ζ))

2
a (Tf − T∞) .

(
Nt =

Dtτ

T∞ v
(Tf − T∞)

)
(3.38)

θ(ζ) =
T − T∞

Tf − T∞

⇒ T = (Tf − T∞) θ(ζ) + T∞ = T∞

(
Tf

T∞
− 1

)
θ(ζ) + T∞

⇒ T = T∞ ((θw − 1) θ(ζ) + 1) (3.39)

∂T

∂y
= T∞

(
(θw − 1) θ′(ζ)

√
a

v

)
qr = −4σ∗

3k∗
∂T 4

∂y
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= −16σ∗

3k∗ T 3∂T

∂y

= −16σ∗T 3
∞

3k∗

[
(θw − 1) θ(ζ) + 1

]3
∂T

∂y
.

1

ρ Cp

∂qr
∂y

= −16σ∗T 3
∞

3k∗ρ Cp

[
((θw − 1) θ(ζ) + 1)3

∂2T

∂y2

]
− 16σ∗T 3

∞
3k∗ρ Cp

[
∂T

∂y
3 ((θw − 1) θ(ζ) + 1)2 (θw − 1)

∂θ

∂y
]

= −16σ∗T 3
∞

3k∗ρ Cp

[
((θw − 1) θ(ζ) + 1)3

a

v
(Tf − T∞) θ′′(ζ)

]
− 16σ∗T 3

∞
3k∗ρ Cp

[
∂T

∂y
3 ((θw − 1) θ(ζ) + 1)2 (θw − 1)

]
[
θ′(ζ)

√
a

v
(Tf − T∞)

1

(Tf − T∞)

√
a

v
(Tf − T∞) θ′(ζ)

]
= −16σ∗T 3

∞
3k∗k1

k1a

ρ Cpv

[
((θw − 1) θ(ζ) + 1)3 θ′′(ζ)

]
− 16σ∗T 3

∞
3k∗k1

k1a

ρ Cpv

[
3 ((θw − 1) θ(ζ) + 1)2 (θw − 1) θ′2(ζ) (Tf − T∞)

]
= − 4R

3Pr
a (Tf − T∞)

[
((θw − 1) θ(ζ) + 1)3 θ′′(ζ)

]
− 4R

3Pr
a (Tf − T∞)

[
3 ((θw − 1) θ(ζ) + 1)2 (θw − 1) θ′2(ζ)

]
= − 4R

3Pr

vρ Cp

k1

k1
vρ CP

a (Tf − T∞)

[
((θw − 1) θ(ζ) + 1)3 θ′′(ζ)

]
− 4R

3Pr

vρ Cp

k1

k1
vρ CP

a (Tf − T∞)

[
3 ((θw − 1) θ(ζ) + 1)2 (θw − 1) θ′2(ζ)

]
= − 4R

3Pr
Pr

k1
vρ CP

a (Tf − T∞)

[
((θw − 1) θ(ζ) + 1)3 θ′′(ζ)

]
− 4R

3Pr
Pr

k1
vρ CP

a (Tf − T∞)

[
3 ((θw − 1) θ(ζ) + 1)2 (θw − 1) θ′2(ζ)

]
= −4R

3

k1
vρ CP

a (Tf − T∞)

[
((θw − 1) θ(ζ) + 1)3 θ′′(ζ)

]
− 4R

3

k1
vρ CP

a (Tf − T∞)

[
3 ((θw − 1) θ(ζ) + 1)2 (θw − 1) θ′2(ζ)

]
.

(3.40)

Using (3.32) to (3.40), the dimensionless form of right side (3.4) is as follows

k1
ρ Cp

(
∂2T

∂y2

)
+

(µ B0 − E0)
2 σ

ρ Cp

+
1

ρ Cp

16σ∗

3k∗ T ∗
∞
∂T

∂y
+

(
µ+ k

ρ Cp

)(
∂u

∂y

)2
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+ τ

[
DB

∂T

∂y

∂C

∂y
+

DT

T∞

(
∂T

∂y

)2

=
k1

ρ Cp

a

v
(Tf − T∞) θ′′(ζ) + u2

w B2
0 σ

(
(f ′(ζ))2 + E2 − 2Ef ′(ζ)

)
ρ Cp

+
[
(1 +K)EcPr (f

′′(ζ))
2
]( ak1

ρ Cp

)
(Tf − T∞)

+ [Nbθ
′(ζ)ϕ′(ζ)] (Tf − T∞) a+

[
Nt (θ

′(ζ))
2
]
a (Tf − T∞)

+
4R

3

k1
vρ CP

a (Tf − T∞)
[
((θw − 1) θ(ζ) + 1)3 θ′′(ζ)

]
+

4R

3

k1
vρ CP

a (Tf − T∞)
[
3 ((θw − 1) θ(ζ) + 1)2 (θw − 1) θ′2(ζ)

]
.

= a (Tf − T∞)

[
k1

µ Cp

θ′′(ζ) + EcM
2
(
(f ′(ζ))

2
+ E2 − 2Ef ′(ζ)

)]
+
[
(1 +K)EcPr (f

′′(ζ))
2
]( ak1

ρ Cp

)
(Tf − T∞)

+
[
Nbθ

′(ζ)ϕ′(η) +
[
Nt (θ

′(ζ))
2
]
a (Tf − T∞)

]
(Tf − T∞) a

+
4R

3

k1
vρ CP

a (Tf − T∞)
[
((θw − 1) θ(ζ) + 1)3 θ′′(ζ)

]
+

4R

3

k1
vρ CP

a (Tf − T∞)
[
3 ((θw − 1) θ(ζ) + 1)2 (θw − 1) θ′2(ζ)

]
.

=
ak1
µ Cp

(Tf − T∞)

[
θ′′(ζ) +

µ Cp

k1
EcM

2
(
(f ′(ζ))

2
+ E2 − 2Ef ′(ζ)

)]
+
[
(1 +K)EcPr (f

′′(ζ))
2
]( ak1

ρ Cp

)
(Tf − T∞)

+
[
Nbθ

′(ζ)ϕ′(ζ) +Nt (θ
′(ζ))

2
]
a (Tf − T∞)

(
vρ Cp

k1

)(
k1

vρ Cp

)
(Tf − T∞) a

+
4R

3

k1
vρ CP

a (Tf − T∞)
[
((θw − 1) θ(ζ) + 1)3 θ′′(ζ)

]
+

4R

3

k1
vρ CP

a (Tf − T∞)
[
3 ((θw − 1) θ(ζ) + 1)2 (θw − 1) θ′2(ζ)

]
.

=
ak1
µ Cp

(Tf − T∞)
[
θ′′(ζ) + PrEcM

2
(
(f ′(ζ))

2
+ E2 − 2Ef ′(ζ)

)]
+
[
(1 +K)EcPr (f

′′(ζ))
2
]( ak1

ρ Cp

)
(Tf − T∞)

+
[
Nbθ

′(ζ)ϕ′(ζ) +Nt (θ
′(ζ))

2
]
a (Tf − T∞)Pr

(
k1

µ CP

)
(Tf − T∞) a

+
4R

3

k1
vρ CP

a (Tf − T∞)
[
((θw − 1) θ(ζ) + 1)3 θ′′(ζ)

]
+

4R

3

k1
vρ CP

a (Tf − T∞)
[
3 ((θw − 1) θ(ζ) + 1)2 (θw − 1) θ′2(ζ)

]
.
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=
ak1
µ CP

(Tf − T∞)

[
θ′′(ζ) +

µ Cp

k1
Ec M

2
(
(f ′(ζ))

2
+ E2 − 2Ef ′(ζ)

)]
+

ak1
µ Cp

(Tf − T∞)
[
Nbθ

′(ζ)ϕ′(ζ) +Nt (θ
′(ζ))

2
]
Pr

+

(
k1

µ Cp

)
a (Tf − T∞)

[
(1 +K)EcPr (f

′′(ζ))
2
]

+
4R

3

k1
vρ CP

a (Tf − T∞)
[
((θw − 1) θ(ζ) + 1)3 θ′′(ζ)

]
+

4R

3

k1
vρ CP

a (Tf − T∞)
[
3 ((θw − 1) θ(ζ) + 1)2 (θw − 1) θ′2(ζ)

]
. (3.41)

Hence the dimensionless form of (3.4) becomes:

u
∂T

∂x
+ v

∂T

∂y
=

k1
ρ Cp

(
∂2T

∂y2

)
+

(µ B0 − E0)
2 σ

ρ Cp

+
1

ρ Cp

16σ∗

3k∗ T ∗
∞
∂T

∂y

+

(
µ+ k

ρ Cp

)(
∂u

∂y

)2

+ τ

[
DB

∂T

∂y

∂C

∂y
+

DT

T∞

(
∂T

∂y

)2 ]
.

⇒ − a (Tf − T∞) θ′(ζ)f(ζ)

=
ak1
µ Cp

(Tf − T∞)

[
θ′′(ζ) +

µ Cp

k1
EcM

2
(
(f ′(ζ))

2
+ E2 − 2Ef ′(ζ)

)]
+

ak1
µ Cp

(Tf − T∞)
[
Nbθ

′(ζ)ϕ′(ζ) +Nt (θ
′(ζ))

2
]
Pr

+

(
k1

µ Cp

)
a (Tf − T∞)

[
(1 +K)EcPr (f

′′(ζ))
2
]

+
4R

3

k1
vρ CP

a (Tf − T∞)
[
((θw − 1) θ(ζ) + 1)3 θ′′(ζ)

]
+

4R

3

k1
vρ CP

a (Tf − T∞)
[
3 ((θw − 1) θ(ζ) + 1)2 (θw − 1) θ′2(ζ)

]
.

⇒ − µ Cp

k1
θ′(ζ)f(ζ)

=
[
θ′′(ζ) + PrEcM

2
(
(f ′(ζ))

2
+ E2 − 2Ef ′(ζ)

)]
+
[
Nbθ

′(ζ)ϕ′(ζ) +Nt (θ
′(ζ))

2
]
Pr

+
[
(1 +K)EcPr (f

′′(η))
2
]
+

4R

3

[
((θw − 1) θ(η) + 1)3 θ′′(ζ)

]
+

4R

3

[
3 ((θw − 1) θ(ζ) + 1)2 (θw − 1) θ′2(ζ)

]
.

⇒ − Prθ
′(ζ)f(ζ)

=
[
θ′′(ζ) + PrEcM

2
(
(f ′(ζ))

2
+ E2 − 2Ef ′(ζ)

)]
+
[
Nbθ

′(ζ)ϕ′(ζ) +Nt (θ
′(ζ))

2
]
Pr
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+
[
(1 +K)EcPr (f

′′(ζ))
2
]
+

4R

3

[
((θw − 1) θ(ζ) + 1)3 θ′′(ζ)

]
+

4R

3

[
3 ((θw − 1) θ(ζ) + 1)2 (θw − 1) θ′2(ζ)

]
.

⇒ Prθ
′(ζ)f(ζ) +

[
θ′′(ζ) + PrEcM

2
(
(f ′(ζ))

2
+ E2 − 2Ef ′(ζ)

)]
+
[
Nbθ

′(ζ)ϕ′(ζ) +Nt (θ
′(ζ))

2
]
Pr

+
[
(1 +K)EcPr (f

′′(η))
2
]
+

4R

3

[
((θw − 1) θ(ζ) + 1)3 θ′′(ζ)

]
+

4R

3

[
3 ((θw − 1) θ(ζ) + 1)2 (θw − 1) θ′2(ζ)

]
= 0.

⇒ θ′′(ζ)

[
1 +

4R

3
((θw − 1) θ(ζ) + 1)3

]
+ Prθ

′(ζ)f(η) + PrEcM
2
(
(f ′(ζ))

2
+ E2 − 2Ef ′(ζ)

)
+ 4R ((θw − 1) θ(ζ) + 1)2 (θw − 1) θ′2(ζ) + (1 +K)EcPr (f

′′(ζ))
2

+ Pr

[
Nbθ

′(ζ)ϕ′(ζ) +Ntθ
′2(ζ)

]
= 0. (3.42)

Now we conclude the procedure for conversion of (4.5) into the dimensionless form

∂C

∂x
= 0. (3.43)

u
∂C

∂x
= axf ′(ζ)(0) = 0. (3.44)

v
∂C

∂y
= −

√
avf(ζ)

(√
a

v

)
(Cf − C∞)ϕ′(ζ).

= −a (Cf − C∞) [f(ζ)ϕ′(ζ)] . (3.45)

Using (3.44) and (3.45), the left side of ((3.5)) gets the following form:

u
∂C

∂x
+ v

∂C

∂y
= 0− a (Cf − C∞) [f(ζ)ϕ′(ζ)]

= −a (Cf − C∞) [f(ζ)ϕ′(ζ)] . (3.46)

To convert the right side of (3.5) into dimensionless form we proceed as follows

∂2C

∂y2
=

a

v
(Cf − C∞)ϕ′′(ζ). (3.47)

∂2T

∂y2
=

a

v
(Tf − T∞) θ′′(ζ). (3.48)
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DB
∂2C

∂y2
= DB

a

v
(Cf − C∞)ϕ′′(ζ). (3.49)

DT
∂2T

∂y2
= DT

a

v
(Tf − T∞) θ′′(ζ). (3.50)

Nt =
(ρ c)p DT

(ρ c)f v T∞
(Tf − T∞) . (3.51)

Nb =
(ρ c)p DB

(ρ c)f v
(Cf − C∞) . (3.52)

Using (3.47)-(3.52), the dimensionless form of right side of (3.5) is as follows:

DB
∂2C

∂y2
+

DT

T∞

∂2T

∂y2

= DB
a

v
(Cf − C∞)ϕ′′(ζ) +

DT

T∞

a

v
(Tf − T∞) θ′′(ζ)

= DB
a

v
(Cf − C∞)

[
ϕ′′(ζ) +

DT

T∞

(Tf − T∞)

DB (Cf − C∞)
θ′′(ζ)

]
= DB

a

v
(Cf − C∞)

[
ϕ′′(ζ) +

DT

T∞

(Tf − T∞) (ρ c)p (ρ c)f
DB (Cf − C∞) (ρ c)p (ρ c)f

θ′′(ζ)

]

= DB
a

v
(Cf − C∞)

ϕ′′(ζ) +
(ρ c)p DT

(ρ c)f v T∞
(Tf − T∞)

1
(ρ c)p DB(Cf−C∞)

(ρ c)f v

θ′′(ζ)


= DB

a

v
(Cf − C∞)

[
ϕ′′(ζ) +

Nt

Nb

θ′′(ζ)

]
. (3.53)

Therefore the dimensionless form of (3.5) becomes:

u
∂C

∂x
+ v

∂C

∂y
= DB

∂2C

∂y2
+

DT

T∞

∂2T

∂y2

⇒ − a (Cf − C∞) [f(ζ)ϕ′(ζ)] = DB
a

v
(Cf − C∞)

[
ϕ′′(ζ) +

Nt

Nb

θ′′(ζ)

]
⇒ [f(ζ)ϕ′(ζ)] = DB

1

v

[
ϕ′′(ζ) +

Nt

Nb

θ′′(ζ)

]
⇒ − v

DB

[f(ζ)ϕ′(ζ)] =

[
ϕ′′(ζ) +

Nt

Nb

θ′′(ζ)

]
⇒ − v

α

α

DB

[f(ζ)ϕ′(ζ)] =

[
ϕ′′(ζ) +

Nt

Nb

θ′′(ζ)

] (
Le =

α

DB

)
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⇒ − PrLe [f(ζ)ϕ
′(ζ)] =

[
ϕ′′(ζ) +

Nt

Nb

θ′′(ζ)

] (
Pr =

v

α

)
⇒ ϕ′′ + PrLef(ζ)ϕ

′(ζ) +
Nt

Nb

θ′′ = 0. (3.54)

Rewriting the converted ODEs together

(1 +K) f ′′′ + ff ′′ − f ′2 +Kh′(ζ)−M2f ′ +M2E = 0, (3.55)(
1 +

K

2

)
h′′ + fh′ − f ′h′ −K (2h+ f ′′) = 0, (3.56)

θ′′
[
1 +

4

3
R ((θw − 1) θ + 1)3

]
+ Prfθ

′ +M2EcPr

[
f ′2 + E2 − 2Ef ′]

+ 4R ((θw − 1) θ + 1)2
(
(θw − 1) θ′2

)
+ (1 +K)EcPrf

′′2

+ Pr

(
Nbθ

′ϕ′ +Ntθ
′2) = 0, (3.57)

ϕ′′(ζ) + PrLefϕ
′ +

Nt

Nb

θ′′ = 0. (3.58)

Conversion of the boundary conditions:

v = vw, at y = 0.

⇒ −
√
avf(ζ) = vw at ζ = 0.

⇒ f(ζ) = − vw√
av

at ζ = 0.

⇒ f(ζ) = − (av)
−1
2 vw at ζ = 0.

⇒ f(ζ) = fw.
(
fw = − (av)

−1
2 vw

)
at ζ = 0.

G = −n
∂u

∂y
at y = 0.

⇒ ax

√
a

v
h(ζ) = −n

a
3
2

√
v
xf ′′(ζ) at ζ = 0.

⇒ h(ζ) = −nf ′′(ζ). at ζ = 0.

u = ax+ α∗
[
(µ+ k)

∂u

∂y
+ kG

]
at y = 0.

⇒ axf ′(ζ) = ax+ α∗

[
(µ+ k)

a
3
2

√
v
xf ′′(ζ) + kax

√
a

v
h(ζ)

]
at ζ = 0.

⇒ f ′(ζ) = 1 + α∗
[
(µ+ k)

√
a

v
f ′′(ζ) + k

√
a

v
h(ζ)

]
at ζ = 0.
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⇒ f ′(ζ) = 1 + α∗µ

√
a

v
f ′′(ζ) + α∗k

√
a

v
f ′′(ζ) + α∗k

√
a

v
h(ζ) at ζ = 0.

⇒ f ′(ζ) = 1 + α f ′′(ζ) + α Kf ′′(ζ) + α Kh(ζ)

(
K =

k

µ
, α = α∗µ

√
a

v

)
⇒ f ′(ζ) = 1 + α (1 +K) f ′′(ζ)− α Knf ′′(ζ) (h(ζ) = −nf ′′(ζ))

⇒ f ′(ζ) = 1 + α (1 +K −Kn) f ′′(ζ) at ζ = 0.

⇒ f ′(ζ) = 1 + α (1 +K (1− n)) f ′′(ζ). at ζ = 0.

hft [Tf − T ] = −k
∂T

∂y
at y = 0.

⇒ hft [Tf − T ] = −k

[
θ′(ζ)

√
a

v
(Tf − T∞)

]
at ζ = 0.

⇒ θ′(ζ) = − hft (Tf − T )

k
√

a
v
(Tf − T∞)

at ζ = 0.

⇒ θ′(ζ) = −hft

k

√
ν

a

[Tf − θ(ζ) (Tf − T∞)− T∞]

Tf − T∞
at ζ = 0.

⇒ θ′(ζ) = −hft

k

√
ν

a

[
Tf − T∞

Tf − T∞
− θ(ζ)

Tf − T∞

Tf − T∞

]
at ζ = 0.

⇒ θ′(ζ) = −hft

k

√
ν

a
(1− θ(ζ)) at ζ = 0.

⇒ θ′(ζ) = −γ1 (1− θ(ζ)) .

(
γ1 =

hft

k

√
ν

a

)
at ζ = 0.

⇒ u → 0, as y = ∞.

⇒ axf ′(∞) = 0 at ζ = ∞.

⇒ f ′(∞) = 0. at ζ = ∞.

⇒ N → 0, as y → ∞.

⇒ ax

√
a

v
h(ζ) = 0 at ζ = ∞.

⇒ h(∞) = 0. at ζ = ∞.

⇒ T → T∞ as y → ∞

⇒ θ(∞) = 0 at ζ = ∞.

−DB
∂C

∂y
= hfc (Cf − C) at y = 0.

⇒ hfc [Cf − C] = −DB

[
ϕ′(ζ)

√
a

ν
(Cf − C∞)

]
at ζ = 0.

⇒ ϕ′(ζ) = − hfc (Cf − C)

DB

√
a
ν
(Cf − C∞) at ζ = 0.
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⇒ ϕ′(ζ) = −hfc

DB

√
ν

a

(Cf − C)

(Cf − T∞)
at ζ = 0.

⇒ ϕ′(ζ) = −hfc

DB

√
ν

a

[Cf − ϕ(ζ) (Cf − C∞)− C∞]

(Cf − C∞)
at ζ = 0.

⇒ ϕ′(ζ) = −hfc

DB

√
ν

a

[
Cf − C∞

Cf − C∞
− ϕ(ζ)

Cf − C∞

Cf − C∞

]
at ζ = 0.

⇒ ϕ′(ζ) = −hfc

DB

√
ν

a
(1− ϕ(ζ)) at ζ = 0.

⇒ ϕ′(ζ) = −γ2 (1− ϕ(ζ)) .

(
γ2 =

hfc

DB

√
ν

a

)
at ζ = 0.

Boundary conditions are as follows:

f(0) = fw, f ′(0) = 1 + α (1 +K (1− n)) f ′′(0),

h(0) = −nf ′′(0), θ′(0) = −γ1 (1− θ(0)) ,

ϕ′(0) = −γ2 (1− ϕ(0)) , at y = 0,

f ′(y) ⇒ 0, h(y) ⇒ 0, θ(y) ⇒ 0, ϕ(y) ⇒ 0, as y → ∞.


(3.59)

The local skin friction is given as

Cfx =
2τw

ρ (ax)2
. (3.60)

Shear stress at the surface is defined as

τw =

[
(µ+ k)

∂u

∂y
+ kN

]
y=0

. (3.61)

Converting τw into dimensionless form as follows:

τw = ax

√
a

v
µ f ′′(0) [1 + (1− n)K] . (3.62)

To get the dimensionless form of Cfx, the following procedure is worked out.
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Cfx =
2τw

ρ (ax)2

=
2ax
√

a
v
µ f ′′(0) [1 + (1− n)K]

ρ (ax)2

=
2
√

a
v
µ f ′′(0) [1 + (1− n)K]

ρ (ax)
.

Multiplying both sides by 1
2
ρ (ax)

√
v
a
1
µ
,

1

2
Cfx (ax)

√
v

a

ρ

µ
= f ′′(0) [1 + (1− n)K]

⇒ 1

2
Cfx (ax)

√
v

a

1

v
= f ′′(0) [1 + (1− n)K]

(
v =

µ

ρ
,

1

v
=

ρ

µ

)
⇒ 1

2
Cfx

√
a

v
x = f ′′(0) [1 + (1− n)K]

⇒ 1

2
CfxRe

1
2
x = f ′′(0) [1 + (1− n)K]

Hence, the dimensionless form of the coefficient of skin friction is

1

2
CfxRe

1
2
x = f ′′(0) [1 + (1− n)K] , (3.63)

where Re represent the Reynolds number defined as Re =
√

a
v
x. The Nusselt

number is given as

Nux =
xqw

Kf (Tf − T∞)
, (3.64)

where qw are given by

qw =

[
− kf

∂T

∂y
+ qr

]
y=0

. (3.65)

Converting qw into dimensionless form, it gets the form:

qw = −kf

√
a

v
(Tf − T∞) θ′(0)

[
1 +

4

3
R ((θw − 1) θ(0) + 1)3

]
. (3.66)
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To get the dimensionless form of Nux, the following procedure is worked out

Nux =
xqw

Kf (Tf − T∞)

=

−xkf
√

a
v
(Tf − T∞) θ′(0)

[
1 + 4

3
R ((θw − 1) θ(0) + 1)3

]
Kf (Tf − T∞)

= −x

√
a

v

[
1 +

4

3
R ((θw − 1) θ(0) + 1)3

]
θ′(0).

Multiplying both sides by 1
x

√
v
a
,

Nux
1

x

√
v

a
= −

[
1 +

4

3
R ((θw − 1) θ(0) + 1)3

]
θ′(0).

⇒ NuxRe
−1
2

x = −
[
1 +

4

3
R ((θw − 1) θ(0) + 1)3

]
θ′(0).

Hence, the dimensionless form of the Nusselt number is

NuxRe
−1
2

x = −
[
1 +

4

3
R ((θw − 1) θ(0) + 1)3

]
θ′(0), (3.67)

where Re represent the Reynolds numberodefined as Re =
√

a
v
x.

The Sherwood number is given as

Shx =
xqw

DB (Cf − C∞)
. (3.68)

where qw are given by

qm =

[
−DB

∂C

∂y

]
y=o

. (3.69)

Converting qm into dimensionless form, it gets the form:

qm = −DB

[
(Cf − C∞)

√
a

v
ϕ′(0)

]
. (3.70)
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To get the dimensionless form of Shx, the following procedure is worked out.

Shx =
xqw

DB (Cf − C∞)

=
xDB

[
(Cf − C∞)

√
a
v
ϕ′(0)

]
DB (Cf − C∞)

= −x

√
a

v
ϕ′(0).

Multiplying both sides by 1
x

√
v
a
,

Shx
1

x

√
v

a
= −ϕ′(0).

⇒ ShxRe
−1
2

x = −ϕ′(0).

Hence, the dimensionless form of Sherwood number is

ShxRe
−1
2

x = −ϕ′(0), (3.71)

where Re represent the Reynolds numberodefined as Re =
√

a
v
x.

3.4 Solution Methodology

For solving (3.55) and (3.56) with the associated boundary conditions (3.59), we

use the shooting method. First ofoall, we need to convert these equations intooa

system of first orderodifferential equations. Let us useothe following notations.

f = S1, f ′ = S ′
1 = S2, f ′′ = S ′

2 = S3,

h = S4, h′ = S ′
4 = S5.

 (3.72)

The resulting IVP takes the form:

S ′
1 = S2, S1(0) = fw,

S ′
2 = S3, S2(0) = 1 + α (1 +K (1− n)) p,

 (3.73)
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S ′
3 =

S2
2 − S1S3 −KS5 +M2S2 −M2E

1 +K
, S3(0) = p,

S ′
4 = S5, S4(0) = −np,

S ′
5 =

2 (S2S4 +K (2S4 + S3)− S1S5)

2 +K
. S5(0) = q.


(3.74)

In the above system ofoequations (3.74), the missing initial conditions p and q are

to beochosen such that

(S2(p, q))ζ=ζ∞ = 0, (S4(p, q))ζ=ζ∞ = 0. (3.75)

As the numerical computation can not be performed on an unbounded domain,

therefore the domain ofothe above problem has beenotaken as [0, ζ∞] instead of

[0,∞), where ζ∞ is an appropriate initial positive real number. We use Newton’s

method to solve (3.75), through the following formula

 p

q


n+1

=

 p

q


n

−

 ∂S2(p,q)
∂p

∂S2(p,q)
∂q

∂S4(p,q)
∂p

∂S4(p,q)
∂q

−1

n

.

 S2

S4


n

Furthermore, the following notations will be useful for computing the entries of

the Jacobian matrix

∂S1

∂p
= S6,

∂S2

∂p
= S7,

∂S3

∂p
= S8,

∂S4

∂p
= S9,

∂S5

∂p
= S10,

∂S1

∂q
= S11,

∂S2

∂q
= S12,

∂S3

∂q
= S13,

∂S4

∂q
= S14,

∂S5

∂q
= S15.

Newton’s iterative scheme will change the form after utilizing the above-mentioned

notations as follows p

q


n+1

=

 p

q


n

−

 S7 S12

S9 S14

−1

n

.

 S2

S4


n

Now differentiating the system of five first order ODEs with respect to p and q,

we get another system of ODEs, as follows:

S ′
1 = S2, S1(0) = fw,
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S ′
2 = S3, S2(0) = 1 + α (1 +K (1− n)) p,

S ′
3 =

S2
2 − S1S3 −KS5 +M2S2 −M2E

1 +K
, S3(0) = p,

S ′
4 = S5, S4(0) = −np,

S ′
5 =

2 (S2S4 +K (2S4 + S3)− S1S5)

2 +K
, S5(0) = q,

S ′
6 = S7, S6(0) = 0,

S ′
7 = S8, S7(0) = 1 + α (1 +K (1− n)) ,

S ′
8 =

2S2S7 − S1S8 − S3S6 −KS10 +M2S7

1 +K
, S8(0) = −n,

S ′
9 = S10, S9(0) = 0,

S ′
10 =

2 (S2S9 − S4S7 − S1S10 − S5S6 + 2KS9 +KS8)

2 +K
, S10(0) = 0,

S ′
11 = S12, S11(0) = 0,

S ′
12 = S13, S12(0) = 0,

S ′
13 =

2S2S12 − S1S13 − S3S11 −KS15 +M2S12

1 +K
, S3(0) = 0,

S ′
14 = S15, S14(0) = 0,

S ′
15 =

2 (S2S14 − S4S12 − S1S15 − S5S11 +K (2S14 + S13)

2 +K
. S15(0) = 1.

(3.76)

The following criteria is the stopping condition for the shooting method:

max | {|S2(ζ∞)|, |S4(ζ∞)|} |< ϵ,

where ϵ is a small positive real number. Throughout this work, ϵ has been taken

as 10−10 unless otherwise mentioned. Also, for equations (3.57) and (3.58), the

following notations have been used

θ(ζ) = V1, θ′(ζ) = V ′
1 = V2, θ′′(ζ) = V1

′′ = V2
′,

ϕ(ζ) = V3, ϕ′(ζ) = V ′
3 = V4,

ϕ′′(ζ) = V3
′′ = V4

′.
B1 = θw − 1, B2 = 1 +B1V1,
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E1 =
1[

1 + 4
3
RB3

2

] ,
E2 = M2EcPr

(
f ′2 + E2 − 2Ef ′)+ (1 +K) (f ′′2) + 4RB1B

2
2V

2
2

+ PrV2 (f +NbV4 +NtV2) ,

E3 =
4RB1B

2
2V5

(E1)2
,

E4 = 8RB1B
2
2V2V6 + 8RB2

1B2V
2
2 V5 + PrV6 (f +NbV4 +NtV2)

+ PrV2 (NbV8 +NtV6) ,

E5 =
4RB1B

2
2V9

(E1)2
,

E6 = 8RB1B
2
2V2V10 + 8RB2

1B2V
2
2 V9 + PrV10 (f +NbV4 +NtV2)

+ PrV2 (NbV12 +NtV10) .

As a result, the coupled ODEs are converted into the following system of first

order ODEs

V ′
1 = V2, V1(0) = l,

V ′
2 = E1 ∗ E2, V2(0) = −γ1 (1− l) ,

V ′
3 = V4, V3(0) = m,

V ′
4 = −LePrfV4 − (Nt/Nb) ∗ (E1 ∗ E2), V4(0) = −γ2 (1−m) .


(3.77)

The above initial value problem has been solved by using the RK-4 method. The

missing conditions l and m are choosen very carefully, so that the following con-

ditions must hold

[V1(l,m)]ζ=ζ∞ = 0, [V3(l,m)]ζ=ζ∞ = 0. (3.78)

To solve the above algebaric equations, we apply the Newton’s method which has

the following scheme
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 l

m


n+1

=

 l

m


n+1

−

 ∂V1(l,m)
∂l

∂V1(l,m)
∂m

∂V3(l,m)
∂l

∂V3(l,m)
∂m

−1

n

.

 V1

V3


n

Now, introduce the following notations

∂V1

∂l
= V5,

∂V2

∂l
= V6,

∂V3

∂l
= V7,

∂V4

∂l
= V8,

∂V1

∂m
= V9,

∂V2

∂m
= V10,

∂V3

∂m
= V11,

∂V4

∂m
= V12.

As a result of these new notations, the Newton’s iterative scheme gets the form

 l

m


n+1

=

 l

m


n

−

 V5 V9

V7 V11

−1

n

.

 V1

V3


n

Now, we will get another system of eight 1st order ODEs after differentiating the

above system of four ODEs of 1st order w.r.t to l and m

V ′
5 = V6, V5(0) = 1,

V ′
6 = E1 ∗ E4 + E3 ∗ E2, V6(0) = γ1,

V ′
7 = V8, V7(0) = 0,

V ′
8 = −LePrfV8 − (Nt/Nb) ∗ (E1 ∗ E4 + E3 ∗ E2), V8(0) = 0,

V ′
9 = V10, V9(0) = 0,

V ′
10 = E1 ∗ E6 + E5 ∗ E2, V10(0) = 0,

V ′
11 = V12, V11(0) = 1,

V ′
12 = −LePrfV12 − (Nt) ∗ (E1 ∗ E6 + E5 ∗ E2). V12(0) = γ2.

The stopping criteria for the Newton’s method is set as:

max | {|V1(ζ∞)|, |V3(ζ∞)|} |< ϵ,

where ϵ is a small positive real number.
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3.5 Results and Discussion

The numerical results ofothe equations in the preceding sections will be discussed

through the graphs and tables in this section. Various important parameters, such

as the material parameter K, suction/injection parameter fw, magnetic parame-

ter M , Prandtl number Pr, radiationoparameter R, Lewis number Le, Brownian

motion parameter Nb, thermophoresisoparameter Nt, thermal Biot number γ1,

and solutal Biot number γ2, are taken into account when performing numerical

calculations. These parameters have a direct influence on the distribution of ve-

locity,otemperature and concentration.

Table 3.1 describes the computed numerical results of Cf using different values of

physicaloparameters given in the table. Skin friction Cf is decreased by raising

the values of the material parameter K and suction parameter fw. It is observed,

the increase in Hartman number M and suction/injection parameter fw enhance

the localoskin-friction coefficient, whereas the local skin frictionocoefficient shows

a decreasing behavior for buoyancy ratio parameter n and the slip parameter α.

In this table, If and Ih are the intervals from which the missing conditions f and

h can be chosen.

Tables 3.2 and 3.3 discuss the effect of significant characteristics of the local Nus-

selt number Nu(Rex)
− 1

2 and Sherwood number Sh(Rex)
− 1

2 . The local Nusselt

number andoSherwood number fall by enlarging the Eckert number Ec, and the

thermophoresisoparameter Nt. The local Nusselt number andoSherwood number

mount while enlarging the radiation parameter R, temperature ratio parameter

θw, Prandtl number Pr and Lewis number Le. The effect of slip parameter α on

the velocity profile f ′(ζ) is presented in Figure 3.2.

Increasing the values of the slip parameter α reduces the velocityofield and the

boundary thickness asodepicted in Figure 3.2. In this table, Iθ and Iϕ are the

intervals from which the missing conditions θ and ϕ can be chosen.

The impact of the suction parameter fw on the velocityoprofile f ′(ζ) is presented 

in Figure 3.3. For gradually increasing suction parameter fw, the velocity profile
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decreases and the boundaryolayer width grows. The impact of the material param-

eter K on the velocity profile f ′(ζ) is presented in Figure 3.4. By increasing K, the

velocity fieldoreduces in the lower halfoof the surface whereas it enhancesoin the

upperohalf. The impact of the material parameteroK on the microrotation pro-

file h(ζ) is displayed inoFigure 3.5 whereas diminishing trend is noticedonear the

surface, where a declining trend is visible towards the surface andoescalates away

from the stretchingosheet. As the material parameter is increased, the viscosity

of the fluid falls.

Figure 3.6 and 3.7 depict the impact of Hartmanonumber M on the velocity profile

f ′(ζ) and the temperature profile θ′(ζ). It shows that the huge values of the

magnetic parameter M cause an increase in both the velocity profile f ′(ζ) and the

temperature profile θ′(ζ).

Figure 3.8 demonstrates the impact of the thermal Biot number γ1 on theotemperature

profile θ′(ζ). We notice that theoenhanced values of the thermal Biot number γ1

cause a higher energy. Figure 3.9 displays the influence of Eckertonumber Ec

on the temperature profile θ′(ζ). Temperature profile increases whenothe Eckert

number isoincreased.

Figure 3.10 represents the impact of the temperature ratiooparameter θw on the

temperatureoprofile. Temperature rises when the temperature ratio parameter θw

is increased, as shown in Figure.

Figure 3.11 depicts the effect of the Prandtl number Pr on the temperature profile

θ′(ζ). The temperature of the fluid decreases as the Prandtl number increases due

to a thinner boundary layerothickness and reduced thermal diffusivity.

Figure 3.12 depicts the effect of the thermophoresis parameter N t on the temper-

atureoprofile θ ′(ζ). For t he i ncreasing values o fothe thermophoresisoparameter, 

it is obvious that theothermal boundary layerothickness and temperature are in-

creased. Figure 3.13 shows that as the thermal radiation parameter R is increased, 

the boundary layerothickness and temperature increase. In the presence of radia-

tion, the working fluid absorbs more heat, which improves the temperature profile.
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Figure 3.14 depicts the effect of increasing Lewis number Le values on the concen-

tration profile ϕ(ζ). Because the Lewis numberois the ratio ofothe kinematic vis-

cosity ofothe nanofluid to theoBrownian diffusion coefficient, increasingothe Lewis

number leads to an increase inothe viscosity ofothe fluid, whichoresists fluid motion

andohence reduces the concentrationoof nanoparticles.

In Figure 3.15, we see that the thermophoresis parameteroNt has an increasing

impact on the concentration profile ϕ(ζ) and solutal boundary layer thickness.

The thermophoresis parameteroand the thermal diffusion coefficient are directly

related. For bigger values of theothermophoresis parameter Nt, more nanoparticle

diffusion occurs, and thus the concentration of the nanofluid is increased.

Figure 3.16 depicts how an increase in the Prandtl number Pr causes a reduction

in the concentration profile ϕ(ζ). As the Prandtl number increases, the thermal

diusivity decreases, resulting in the low range temperature seen in Figure 3.16.

The effect of Brownian motion parameteroNb on the concentrationoprofile ϕ(ζ) is

presented in Figure 3.17. Increasing the values of the Brownian motion parameter

reduces the concentration profile.

Figure 3.18 shows the effectoof solutal Biot number γ2 on the concentration pro-

file ϕ(ζ). The concentration profiles are greatly improved for higher solutal Biot

number values.

Rising values ofoboth Nb and Nt, as seen in Figure 3.19, reduce the rate of heat

transmission on the surface. Figure 3.19 depicts the relationship between the

thermophoresis parameter andoBrownian motion parameteroon Sherwood num-

ber, indicating that mass transferorate increases for Nb and reduces for Nt.
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Table 3.1: Results of (Rex)
1
2
1
2Cf for various parameters

K M n fw α (Rex)
1
2
1
2
Cf If Ih

0.2 -0.37183 [-0.3,-0.1] [0,5]

0.3 -0.37483 [-0.3,-0.1] [0,5]

0.4 -0.37769 [-0.3,-0.1] [0,5]

0.2 -0.37093 [-0.3,-0.1] [0,5]

0.3 -0.37052 [-0.3,-0.1] [0,5]

0.4 -0.37112 [-0.3,-0.1] [0,5]

0.1 0.6 -0.37073 [-0.3,-0.1] [0,5]

0.7 -0.36959 [-0.3,-0.1] [0,5]

0.8 -0.36842 [-0.3,-0.1] [0,5]

0.2 -0.38154 [-0.3,-0.1] [0,5]

0.3 -0.39134 [-0.3,-0.1] [0,5]

0.4 -0.40120 [-0.3,-0.1] [0,5]

0.1 1.5 -0.35621 [-0.3,-0.1] [0,5]

1.6 -0.34191 [-0.3,-0.1] [0,5]

1.7 -0.33785 [-0.3,-0.1] [0,5]
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Table 3.2: Results of Nu(Rex)
− 1

2 and Sh(Rex)
− 1

2

when K = 0.2, E = 0.2, fw = 0.1, α = 1.4, n = 0.5, Nt = 0.2, Le = 1.2,
γ1 = γ2 = 0.1

R θw Pr Ec Nb Nu(Rex)
− 1

2 Sh(Rex)
− 1

2 Iθ Iϕ

0.3 0.11587 0.08736 [-0.3, 0.2] [-0.3, 0.3]

0.4 0.12622 0.08739 [-0.2, 0.3] [-0.4, 0.3]

0.5 0.13633 0.08741 [-0.2, 0.2] [-0.4, 0.2]

0.2 1.4 0.10596 0.08734 [-0.3, 0.3] [-0.3, 0.3]

1.5 0.10665 0.08735 [-0.3, 0.3] [-0.3, 0.3]

1.6 0.10735 0.08737 [-0.3, 0.2] [-0.2, 0.3]

1.3 1.7 0.10597 0.08780 [-0.3, 0.1] [-0.2, 0.3]

1.8 0.10659 0.08821 [-0.2, 0.2] [-0.2, 0.3]

1.9 0.2 0.10716 0.08860 [-0.2, 0.2] [-0.2, 0.3]

0.3 0.10312 0.08741 [-0.2, 0.2] [-0.5, 0.3]

0.4 0.10097 0.08740 [-0.2, 0.2] [-0.4, 0.4]

0.1 1.3 0.09882 0.08754 [-0.3, 0.2] [-0.2, 0.4]

1.4 0.09872 0.08742 [-0.2, 0.3] [-0.2, 0.3]

1.5 0.09852 0.08740 [-0.2, 0.2] [-0.3, 0.3]
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Table 3.3: Results of Nu(Rex)
− 1

2 and Sh(Rex)
− 1

2

when K = 0.2, E = 0.2, fw = 0.1, α = 1.4, n = 0.5, Nb = 0.2, Pr = 1.6,
Ec = 0.1

Nt Le γ1 γ2 Nu(Rex)
− 1

2 Sh(Rex)
− 1

2 Iθ Iϕ

0.3 0.10503 0.08689 [-0.3, 0.2] [-0.3, 0.3]

0.4 0.10478 0.08644 [-0.2, 0.3] [-0.4, 0.3]

0.5 0.10453 0.08600 [-0.2, 0.2] [-0.4, 0.2]

0.2 1.3 0.10533 0.08795 [-0.3, 0.3] [-0.3, 0.3]

1.4 0.10538 0.08850 [-0.3, 0.3] [-0.3, 0.3]

1.5 0.10543 0.08893 [-0.3, 0.2] [-0.2, 0.3]

1.2 0.2 0.17775 0.08669 [-0.3, 0.1] [-0.2, 0.3]

0.3 0.22928 0.08624 [-0.2, 0.2] [-0.5, 0.3]

0.4 0.26719 0.08592 [-0.2, 0.2] [-0.4, 0.4]

0.1 0.2 0.10358 0.15643 [-0.3, 0.2] [-0.2, 0.4]

0.3 0.10210 0.21246 [-0.2, 0.3] [-0.2, 0.3]

0.4 0.10082 0.21246 [-0.2, 0.2] [-0.3, 0.3]
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Figure 3.2: Influence of α on f ′(ζ).
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Figure 3.3: Influence of fw on f ′(ζ).



Micropolar Flow of EMHD 48

0 1 2 3 4 5 6 7 8 9
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

K=0.1

K=0.6

K=1.1

K=1.6

M=0.2,   R=0.1,    E=0.0,    E
c
=0.2,    P

r
=1.3,

n=0.5,    =1.4,
1
=0.1= ,     f

w
=0.1

Figure 3.4: Influence of K on f ′(ζ).
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Figure 3.5: Influence of K on h(ζ).



Micropolar Flow of EMHD 49

0 1 2 3 4 5 6 7 8 9
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

M=0.0

M=0.2

M=0.4

M=0.6

K=0.2,    R=0.1,    E=0.0,      E
c
=0.2,        P

r
=1.3,

n=0.5, =1.4,
1
=0.1=

2
,      f

w
=0.1

Figure 3.6: Influence of M on f ′(ζ).
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Figure 3.8: Influence of γ1 on θ(ζ).
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Figure 3.9: Influence of Ec on θ(ζ).
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Figure 3.10: Influence of θw on θ(ζ).
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Figure 3.11: Influence of Pr on θ(ζ).
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Figure 3.12: Influence of Nt on θ(ζ).
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Figure 3.13: Influence of R  on θ(ζ).
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Figure 3.14: Influence of Le on ϕ(ζ).
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Figure 3.15: Influence of Nt on ϕ(ζ).
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Figure 3.16: Influence of Pr on ϕ(ζ).
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Figure 3.17: Influence of Nb on ϕ(ζ).
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Figure 3.18: Influence of γ2 on ϕ(ζ).
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Chapter 4

The Cattaneo-Christov double

diffusion model analysis of

EMHD micropolar fluid flow

using nonlinear thermal radiation

4.1 Introduction

In this chapter, we extend the flow model discussed in Chapter 3 by including

the impacts of Cattaneo-Christov double diffusion. The reduced system of ODEs

after applying a proper similarity transform is solved numerically. Graphs and

tables describe the behavior of physical quantities such as, Pr, Nb, Nt, Ec, Le,

M , and R etc. Numerical values ofoskin friction coefficient, Nusseltonumber and

Sherwood number have also been computed and discussed in this chapter. Tables

and graphs are used to investigate the numerical results produced.

4.2 Problem Formulation

The set of equations describing the flow are as follows:

57
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∂u

∂x
+

∂v

∂y
= 0, (4.1)

u
∂u

∂x
+ v

∂u

∂y
=

(
µ+ k

ρ

)
∂2u

∂2y
+

k

ρ

∂G

∂y
+

σ

ρ

(
E0B0 −B2

0u
)
, (4.2)

u
∂G

∂x
+ v

∂G

∂y
=

γ∗

ρj

∂2G

∂2y
− k

ρj

(
2G+

∂u

∂y

)
, (4.3)

u
∂T

∂x
+ v

∂T

∂y
+ λT

[
u
∂u

∂x

∂T

∂x
+ v

∂v

∂y

∂T

∂y
+ u

∂v

∂x

∂T

∂y
+ v

∂u

∂y

∂T

∂x
+ 2uv

∂2T

∂x∂y
(4.4)

+ u2∂
2T

∂x2
+ v2

∂2T

∂y2

]
=

k

ρCp

(
∂2T

∂2y

)
+

(uB0 − E0)
2 σ

ρCp

− 1

ρCp

∂qr
∂y

,

+

(
µ+ k

ρCp

)(
∂u

∂y

)2

+ τ

[
DB

∂T

∂y

∂C

∂y
+

DT

T∞

(
∂T

∂y

)2
]
,

u
∂C

∂x
+ v

∂C

∂y
+ λC

[
u
∂u

∂x

∂C

∂x
+ v

∂v

∂y

∂C

∂y
+ u

∂v

∂x

∂C

∂y
+ v

∂u

∂y

∂C

∂x
+ 2uv

∂2C

∂x∂y
(4.5)

+ u2∂
2C

∂x2
+ v2

∂2C

∂y2

]
= DB

∂2C

∂2y
+

DT

T∞

∂2T

∂2y
.

The aformentioned set of equations corresponding boundary conditions are

u = ax+ α∗
[
(µ+ k)

∂u

∂y
+ kG

]
, v = vw,

G = −ζ
∂u

∂y
, − k

(
∂T

∂y

)
= hft (Tf − T ) ,

−DB
∂C

∂y
= hfc (Cf − C) at y = 0,

u → 0, G → 0, T → T∞, C → C∞ as y → ∞.


(4.6)

4.3 Conversion of the Model

In this section, we convert the system ofoequations (4.1)-(4.5) along with the

boundary conditions (4.6) into a unitless form. The following similarity transfor-

mation is employed

ζ =

√
a

v
, G = ax

√
a

v
h(ζ), u = axf ′(ζ), v = −

√
avf(ζ),

θ(ζ) =
T − T∞

Tf − T∞
, ϕ(ζ) =

C − C∞

Cf − C∞
.

 (4.7)
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In the above discussions K, M , fw, Pr, α, E, R, Ec, Nt, Nb and Le are the material

parameter, Hartman number, Suction/injection parameter, Prandtl number, slip

parameter, electric parameter, radiation parameter, Eckertonumber, thermophore-

sis parameter, Brownian motion parameteroand Lewis numberorespectively. These

quantities are written as follows:

K =
k

µ
, M2 =

σB2
0

ρa
, fw = −(av)

−1
2 vw, Pr =

µCp

k
,

α = α∗µ

√
a

v
, E =

E0

µwB0

, R =
4σ∗T 3

∞
k∗k1

, Ec =
u2
w

Cp (Tf − T∞)
,

Nt =
τDT

vT∞
(Tf − T∞) , Nb =

τ

v
DB (Cf − C∞) , Le =

α

DB

,

γ2 =
hfc

DB

√
v

a
, γ1 =

hft

k

√
v

a
, Re2x =

ax

v
, θw =

Tf

T∞
.


The complete process for converting equation (4.1)-(4.3), is the same as presented

in Chapter 3. The entire procedure for converting (4.4) into the dimensionless

form has been discussed below

∂T

∂x
= 0. (4.8)

u
∂u

∂x
+ v

∂u

∂y
= a2x

[(
f ′(ζ)2

)
− f(ζ)f ′′(ζ)

]
. (4.9)

Multiplying (4.8) and (4.9), we get

(
u
∂u

∂x
+ v

∂u

∂y

)
∂T

∂x
= 0. (4.10)

u
∂v

∂x
+ v

∂v

∂y
= a

3
2v

1
2f(ζ)f ′(ζ) . (4.11)

∂T

∂y
= (Tf − T∞)

√
a

v
θ′(ζ). (4.12)

Multiplying (4.11) and (4.12), we get

(
u
∂v

∂x
+ v

∂v

∂y

)
∂T

∂y
= a2 (Tf − T∞) (ζ)f ′(ζ)θ′(ζ). (4.13)

u2∂
2T

∂x2
= 0. (4.14)
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v2
∂2T

∂y2
= a2 (Tf − T∞) f 2(ζ)θ′′(ζ). (4.15)

2uv
∂

∂x

(
∂T

∂y

)
= 2 (axf ′(ζ))

(
−
√
avf(ζ)

) ∂

∂x

(
(Tf − T∞)

√
a

v
θ′(ζ)

)
2uv

∂

∂x

(
∂T

∂y

)
= 0. (4.16)

By adding (4.10),(4.13),(4.14),(4.15),(4.16) we get

λ1

[(
u
∂u

∂x
+ v

∂u

∂y

)
∂T

∂x
+

(
u
∂v

∂x
+ v

∂v

∂y

)
∂T

∂y
+ u2∂

2T

∂x2
+ v2

∂2T

∂y2
+ 2uv

∂2T

∂x∂y

]
= λ1

[
a2 (Tf − T∞) f(ζ)f ′(ζ)θ′(ζ) + a2 (Tf − T∞) f 2(ζ)θ′′(ζ)

]
= λ1a

2 (Tf − T∞)

[
f(ζ)f ′(ζ)θ′(ζ) + f 2(ζ)θ′′(ζ)

]
= λT

[
f(ζ)f ′(ζ)θ′(ζ) + f 2(ζ)θ′′(ζ)

]
. (4.17)

By utilizing (4.17), the extended dimensionless form of the energy equation be-

comes:

θ′′(ζ)

[
1 +

4R

3
((θw − 1) θ(ζ) + 1)3 + λT f 2(ζ)

]
+ Prθ

′(ζ)f(ζ) + λT θ
′(ζ)f(ζ)f ′(ζ) + PrEcM

2
(
f ′2(η) + E2 − 2Ef ′(ζ)

)
+ 4R ((θw − 1) θ(ζ) + 1)2 (θw − 1) θ′2(ζ) + (1 +K)EcPr (f

′′(ζ))
2

+ Pr

[
Nbθ

′(ζ)ϕ′(η) +Ntθ
′2(ζ)

]
= 0.

⇒ θ′′(ζ)

[
1 +

4R

3
((θw − 1) θ(ζ) + 1)3 + λT f 2(ζ)

]
+ θ′(ζ)

[
Prf(ζ) + λTf(ζ)f

′(ζ) + 4R ((θw − 1) θ(ζ) + 1)2 (θw − 1) θ′(ζ)

]
+ PrEcM

2
(
f ′2(ζ) + E2 − 2Ef ′(ζ)

)
+ (1 +K)EcPr (f

′′(ζ))
2

+ Pr

[
Nbθ

′(ζ)ϕ′(ζ) +Ntθ
′2(ζ)

]
= 0. (4.18)

θ′′(ζ) =
−1[

1 + 4R
3
((θw − 1) θ(ζ) + 1)3 + λT f 2(ζ)

]θ′(ζ)[Prf(ζ) + λTf(ζ)f
′(ζ)

+ 4R ((θw − 1) θ(ζ) + 1)2 (θw − 1) θ′(ζ)

]
+ PrEcM

2
(
f ′2(ζ) + E2
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− 2Ef ′(ζ) + (1 +K)EcPr (f
′′(ζ))

2
+ Pr

[
Nbθ

′(ζ)ϕ′(ζ) +Ntθ
′2(ζ)

]
= 0.

(4.19)

As we have Cattaneo-Christov diffusion model in (4.4), that’s why the new pa-

rameter arises which is given below:

λt = a2 (Tf − T∞)λ1,

where λt is Cattaneo-Christov temperature parameter.

The entire procedure for converting (4.5) into the dimensionless form has been

discussed below

∂C

∂x
= 0. (4.20)

u
∂u

∂x
+ v

∂u

∂y
= a2x

[ (
f ′(ζ)2

)
− f(ζ)f ′′(ζ)

]
. (4.21)

Multiplying (4.20) and (4.21), we get

(
u
∂v

∂x
+ v

∂v

∂y

)
∂C

∂x
= 0. (4.22)

∂C
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=

√
a

v
(Cf − C∞)ϕ′′(ζ). (4.23)

u
∂v

∂x
+ v
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∂y
= a

3
2v

1
2f(ζ)f ′(ζ). (4.24)

Multiplying (4.23) and (4.24), we get

(
u
∂v

∂x
+ v

∂v

∂y

)
∂C

∂y
= a2 (Cf − C∞) f(ζ)f ′(ζ)ϕ′(ζ). (4.25)

u2∂
2C

∂x2
= 0. (4.26)

v2
∂2C

∂y2
= a2 (Cf − C∞) f 2(ζ)ϕ′′(ζ). (4.27)

2uv
∂

∂x

(
∂C

∂y

)
= 2 (axf ′(η))

(
−
√
avf(ζ)

) ∂

∂x

(
(Cf − C∞)

√
a

v
ϕ′′(ζ)

)
2uv

∂2C

∂x∂y
= 0. (4.28)
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By adding (4.22),(4.25),(4.26),(4.27),(4.28) we get

λ2

[(
u
∂u

∂x
+ v

∂u

∂y

)
∂C

∂x
+

(
u
∂v

∂x
+ v

∂v

∂y

)
∂C

∂y
+ u2∂

2C

∂x2
+ v2

∂2C

∂y2
+ 2uv

∂2C

∂x∂y

]
.

= λ2

[
a2 (Cf−∞) f(ζ)f ′(ζ)ϕ′(ζ) + a2 (Cf − C∞) f 2(ζ)ϕ′′(ζ)

]
= λ2a

2 (Cf − C∞)

[
f(ζ)f ′(ζ)ϕ′(ζ) + f 2(ζ)ϕ′′(ζ)

]
= λC

[
f(ζ)f ′(ζ)ϕ′(ζ) + f 2(ζ)ϕ′′(ζ)

]
. (4.29)

By utilizing (4.29), the extended dimensionless form becomes

ϕ′′(ζ)
(
1 + λCf

2(ζ)
)
+ ϕ′(ζ) (λCf(ζ)f

′(ζ)) + PrLef +
Nt

Nb

θ′′ = 0.

⇒ ϕ′′(ζ) =
−1

(1 + λCf 2(ζ))

[
ϕ′(ζ) (λCf(ζ)f

′(ζ)) + PrLef +
Nt

Nb

θ′′
]
. (4.30)

As, we have used Cattaneo-Christtov diffusion model in (4.5) that’s why the new

parameter arises which is gievn below:

λC = a (Cf − C∞)λ2,

where λc is Cattaneo-Christov temperature parameter.

The dimentionless form of the proposed flow model is:

f ′′′ =
1

(1 +K)

[
f ′2 − ff ′′ +M2f ′ −Kh′ −M2E

]
, (4.31)

θ′′(η) =
−1[

1 + 4R
3
((θw − 1) θ(ζ) + 1)3 + λT f 2(ζ)

]θ′(ζ)[Prf(ζ)

+ λTf(ζ)f
′(ζ) + 4R ((θw − 1) θ(ζ) + 1)2 (θw − 1) θ′(ζ)

]
+ PrEcM

2

(
f ′2(ζ) + E2 − 2Ef ′(ζ)

)
(1 +K)EcPr (f

′′(ζ))
2
+ Pr [Nbθ

′(ζ)ϕ′(ζ)

+Ntθ
′2(ζ) = 0, (4.32)

ϕ′′(ζ) =
−1

(1 + λCf 2(ζ))

[
ϕ′(ζ) (λCf(ζ)f

′(ζ)) + PrLef +
Nt

Nb

θ′′
]
. (4.33)

Now,
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The dimensionless boundary conditions are as follows:

f(0) = fw, f ′(0) = 1 + α (1 +K (1− n)) f ′′(0), h(0) = −nf ′′(0),

ϕ′(0) = −γ2 (1− ϕ(0)) , θ′(0) = −γ1 (1− θ(0)) , at y = 0

f ′(y) → 0, h(y) → 0, ϕ(y) → 0, θ(y) → 0, as y → ∞.

 (4.34)

The complete discussion in order to get the expression for dimensionless form of

skin friction coefficient, Nusselt number and Sherwood number has been discussed

in chapter 3.

4.4 Solution Methodology

For solving (4.34) and (4.33) with the associated boundary conditions (3.42), we

use the shooting method. First ofoall, we need to convert these equations intooa

system ofofirst order differential equations.

Let us use theofollowing notations.

θ(ζ) = W1, θ′(ζ) = W ′
1 = W2, θ′′(ζ) = W1

′′ = W2
′,

ϕ(ζ) = W3, ϕ′(η) = W ′
3 = W4, ϕ′′(ζ) = W3

′′ = W4
′.

A1 = θw − 1, A2 = 1 + A1W1,

Z1 =
1[

1 + λtf 2 + 4
3
RA3

2

] ,
Z2 = M2EcPr

(
f ′2 + E2 − 2Ef ′)+ (1 +K) (f ′′2) + 4RA1A

2
2W

2
2

+ Pr (f + λtf
′f ′′ +Nbϕ

′ +Ntθ
′) ,

Z3 =
4RA1A

2
2W5

(Z1)2
,

Z4 = 8RA1A
2
2W2W6 + 8RA2

1A2W
2
2W5 + PrW6 (f + λtf

′f ′′

+NbW4 +NtW2 + PrW2 (NbW8 +NtW6) .
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Z5 =
4RA1A

2
2W9

(Z1)2
,

Z6 = 8RA1A
2
2W2W10 + 8RA2

1A2W
2
2W9 + PrW10 (f + λtf

′f ′′ +NbW4 +NtW2)

+ PrW2 (NbW12 +NtW10) .

As a result, the coupled ODEs are converted into the following system of Ist order

differential equation

W ′
1 = W2, W1(0) = s,

W ′
2 = Z1 ∗ Z2, Z2(0) = −γ1 (1− s) ,

W ′
3 = W4, W3(0) = t,

W ′
4 =

−1

(1 + λtf 2)

[
W4 (LePrf + λtf

′f ′′)

+ (Nt/Nb) ∗ (Z1 ∗ Z2)
]
. W4(0) = −γ2 (1− t) .


(4.35)

The above initial value problem has been solved by using the RK-4 method. The

missing conditions s and t are choosen very carefully, so that the following condi-

tions must hold

(W1(s, t))ζ=ζ∞ = 0, (W3(s, t))ζ=ζ∞ = 0. (4.36)

To solve the above algebaric equations, we apply the Newton’s method which has

the following scheme

 s

t


n+1

=

 s

t


n

−

 ∂W1(s,t)
∂s

∂W1(s,t)
∂t

∂W3(s,t)
∂s

∂W3(s,t)
∂t

−1

n

.

 W1

W3


n

Now, introduce the following notations

∂W1

∂s
= W5,

∂W2

∂s
= W6,

∂W3

∂s
= W7,

∂W4

∂s
= W8,

∂W1

∂t
= W9,

∂W2

∂t
= W10,

∂W3

∂t
= W11,

∂W4

∂t
= W12.

Now,
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As a result of these new notations, the Newton’s iterative scheme gets the form

 s

t


n+1

=

 s

t


n

−

 W5 W9

W7 W11

−1

n

.

 W1

W3


n

Now, we will get another system of eight 1st order ODE’s after differentiaiting the

above system of four ODE’s of 1st order w.r.t to s and t

W ′
5 = W6, W5(0) = 0,

W ′
6 = Z1 ∗ Z4 + Z3 ∗ Z2, W6(0) = γ1,

W ′
7 = W8, W7(0) = 0,

W ′
8 =

−1

(1 + λTf 2)

[
W6 (LePrf + λtf

′f ′′)

+ (Nt/Nb) ∗ (Z1 ∗ Z4 + Z3 ∗ Z2)

]
, W8(0) = 0,

W ′
9 = W10, W9(0) = 0,

W ′
10 = Z1 ∗ Z6 + Z5 ∗ Z2, W10(0) = 0,

W ′
11 = W12, W11(0) = 1,

W ′
12 =

−1

(1 + λTf 2)

[
W12 (LePrf + λtf

′f ′′)

+ (Nt/Nb) ∗ (Z1 ∗ Z4 + Z3 ∗ Z2)

]
. W12(0) = γ2.

The stopping criteria for the Newton’s method is set as:

max | W1(ζ∞),W3(ζ∞) |< ϵ.

where ϵ is a small positive real number.
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4.5 Results and Discussion

The numerical results of the equations in the preceding sections will be discussed

through the graphs and tables in this section. Various important parameters, such

as the material parameter K, suction/injection parameter fw, magnetic parame-

ter M , Prandtl number Pr, radiation parameter R, Lewis numberoLe, Brownian

motionoparameter Nb, thermophoresisoparameter Nt, Cattaneo-Christov temper-

ature parameter λt, Cattaneo-Christov concentration parameter λc, thermal Biot

number γ1, and solutal Biot number γ2, are taken into account when performing

numerical calculations. These parameters have a direct influence on the distri-

bution of velocity, temperature andoconcentration. Table 4.1 and 4.2 discuss the

effect of significant characteristics of the local Nusseltonumber Nu(Rex)
− 1

2 and

Sherwood number Sh(Rex)
− 1

2 . The local Nusselt number and Sherwood number

fall by enlarging the Eckert number Ec, and the thermophoresis parameter Nt.

The local Nusselt number and Sherwood number mount while enlarging the ra-

diation parameter R, temperature ratio parameter θw, Prandtl number Pr and

Lewis number Le. In this table, Iθ and Iϕ are the intervals from which the missing

conditions θ and ϕ can be chosen.

The effect of slip parameteroα on the temperature profile θ(ζ) is presented in

Figure 4.1. By rising theovalues of the slip parameter α, the temperatureoprofile

θ(ζ) shows an increasing behaviour. The impact of the suctionoparameter fw on

the temperature profile θ(ζ) is presented in Figure 4.2. By increasing theovalues of

the suction parameter fw, the temperature profile θ′(ζ) is found to increase. The

impact of the materialoparameter K on the temperature profile θ(ζ) is presented

in Figure 4.3. Increasing the values of the material parameter K reduces the

temperature profile θ(ζ). Figure 4.4 represents the impact ofothe Hartman number

M on the temperature profile θ(ζ). Temperature rises when the Hartman number

M is increased, as shown in Figure.

Figure 4.5 displays the influenceoof Cattaneo-Christov temperature parameter λt 

on the temperatureoprofile θ (ζ). Temperature profile decreases when the Cattaneo-

Christov temperature parameter λt is increased. Figure 4.6 depicts the effect of
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theothermophoresis parameteroNt onothe temperature profile θ(ζ). For the in-

creasing values of theothermophoresis parameter, itois obvious that the thermal

boundary layerothickness and temperature areoincreased. Figure 4.7 depicts the

effect of the Prandtl number Pr on the temperature profile θ(ζ). The temperature

of the fluid decreases as the Prandtl number increases due to a thinner boundary

layerothickness and reduced thermal diffusivity.

Figure 4.8 represents the impact of the Brownianomotion parameter Nb onothe

temperature profile θ(ζ).oTemperature rises when the Brownian motion parame-

ter Nb is increased, as shown in Figure. Figure 4.9 demonstrates the impact of

the thermal Biot number γ1 on the temperature profile θ(ζ). We notice that the

enhanced values of the thermal Biot number γ1 cause a higher energy. Figure

4.10 depicts the effect of increasing Lewis number Leovalues on the concentra-

tion profile ϕ(ζ). Because the Lewis numberois the ratio ofothe kinematic viscos-

ity oflorwhiteothe nanofluid to theoBrownian diffusion coefficient, increasingothe

Lewis number leads to an increase in theoviscosity of the fluid, which resistsofluid

motion and hence reduces the concentration ofonanoparticles. Figure 4.11 depicts

the effect of the thermophoresis parameter Nt on the temperatureoprofile θ(ζ).

Figure 4.12 displays the influence of Eckertonumber Ec on the concentration profile

ϕ(ζ). Concentration profile increases when the Eckert number is increased. Figure

4.13 displays the influence of Cattaneo-Christov concentration parameter λc on

the temperature profile ϕ(ζ). Temperature profile decreases when the Cattaneo-

Christov concentration parameter λc is increased.

Figure 4.14 depicts how an increase in the Prandtl number Pr causes a reduction

in the concentration profile ϕ(ζ). As the Prandtl numberoincreases, the thermal

diusivity decreases, resulting in the low range temperature seen in Figure 4.14.

The effect of Brownian motion parameteroNb on the concentrationoprofile ϕ(ζ) is

presented in Figure 4.15. Increasing the valuesoof the Brownian motion parameter

reduces the concentration profile. Figure 4.16 shows the effect of solutal Biot

number γ2 on the concentration profile ϕ(ζ). The concentration profilesoare greatly

improved for higher solutal Biot number values.
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Table 4.1: Results of Nu(Rex)
− 1

2 and Sh(Rex)
− 1

2

when K = 0.2, E = 0.2, M = 0.1, fw = 0.1, α = 1.4, n = 0.5, Nt = 0.2,
Le = 1.2, γ1 = γ2 = 0.1

R θw Pr Ec Nb λt λc NuRe
− 1

2
x ShRe

− 1
2

x Iθ Iϕ

0.3 0.11851 0.08672 [-0.3, 0.2] [-0.3, 0.3]

0.4 0.11901 0.08673 [-0.3, 0.2] [-0.3, 0.2]

0.5 1.3 0.11950 0.08674 [-0.3, 0.2] [-0.4, 0.2]

0.1 1.4 0.12128 0.08675 [-0.2, 0.2] [-0.5, 0.3]

1.5 0.12264 0.08677 [-0.1, 0.2] [-0.3, 0.3]

1.6 0.12864 0.08878 [-0.3, 0.1] [-0.2, 0.1]

1.7 0.10762 0.08719 [-0.2, 0.1] [-0.2, 0.1]

1.8 0.1 0.1 0.10819 0.08764 [-0.2, 0.1] [-0.2, 0.3]

1.9 0.2 0.98 0.10906 0.08819 [-0.3, 0.2] [-0.1, 0.3]

0.3 0.96 0.10662 0.07833 [-0.1, 0.2] [-0.1, 0.2]

0.4 1.2 0.94 0.1 0.10653 0.06848 [-0.3, 0.4] [-0.3, 0.2]

1.3 0.98 0.10753 0.08615 [-0.5, 0.4] [-0.3, 0.3]

1.4 0.96 0.10766 0.08724 [-0.4, 0.3] [-0.2, 0.2]

1.5 0.94 0.10778 0.07812 [-0.3, 0.2] [-0.2, 0.1]
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Table 4.2: Results of Nu(Rex)
− 1

2 and Sh(Rex)
− 1

2

when K = 0.2, E = 0.2, fw = 0.1, α = 1.4, n = 0.5, Nb = 0.2, Pr = 1.6,
Ec = 0.1

Nt Le λt λc γ1 γ2 NuRe
− 1

2
x ShRe

− 1
2

x Iθ Iϕ

0.3 0.10759 0.07938 [-0.3, 0.2] [-0.3, 0.3]

0.4 0.10741 0.07656 [-0.3, 0.2] [-0.3, 0.2]

0.5 0.10723 0.07378 [-0.3, 0.2] [-0.4, 0.2]

1.3 0.10776 0.08319 [-0.2, 0.2] [-0.5, 0.3]

1.4 0.10777 0.08403 [-0.1, 0.2] [-0.3, 0.3]

1.5 0.10778 0.08477 [-0.3, 0.1] [-0.2, 0.1]

0.1 0.2 0.18917 0.07794 [-0.2, 0.1] [-0.2, 0.1]

0.98 0.3 0.25172 0.07485 [-0.3, 0.2] [-0.1, 0.2]

0.96 0.4 0.29073 0.07258 [-0.3, 0.4] [-0.3, 0.2]

0.98 0.2 0.10734 0.14703 [-0.5, 0.4] [-0.3, 0.3]

0.96 0.3 0.10736 0.19939 [-0.4, 0.3] [-0.2, 0.2]

0.94 0.4 0.10721 0.24259 [-0.3, 0.2] [-0.2, 0.1]



Micropolar Flow of EMHD with Cattaneo-Christov Double Diffusion 70

0 1 2 3 4 5 6 7 8 9
-0.05

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

=1.4

=1.8

=2.2

=2.6

M=0.1,   K=0.4,   E=0.1,   f
w

=0.3,   Nt=0.2,    Nb=1.2,   Pr=1.6,

1
=0.2,    

2
=0.4,     R=0.2,  

w
=1.3,

t
=0.1,

c
=0.1,   Ec=0.2,    Le=1.2,  n=0.5

Figure 4.1: Impact of α on θ(ζ).
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Figure 4.2: Impact of fw on θ(ζ).
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Figure 4.3: Impact of K on θ(ζ).
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Figure 4.5: Impact of λt on θ(ζ).
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Figure 4.6: Impact of Nt on θ(ζ).
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Figure 4.7: Impact of Pr on θ(ζ).
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Figure 4.8: Impact of Nb on θ(ζ).
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Figure 4.9: Impact of γ1 on θ(ζ).
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Figure 4.10: Impact of Le on ϕ(ζ).
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Figure 4.11: Impact of Nt on ϕ(ζ).
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Figure 4.12: Impact of Ec on ϕ(ζ).



Micropolar Flow of EMHD with Cattaneo-Christov Double Diffusion 76

0 1 2 3 4 5 6 7 8 9
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

c
=0.1

c
=0.3

c
=0.5

c
=0.7

M=0.3,      E=0.1,   f
w

=0.1,       Nb=0.8,   Pr=2.0,

=0.2,
1
=0.1=

2
,       R=0.4,   

w
=1.3,

t
=0.1,      Ec=0.02,    Le=1.2,   n=0.2

Figure 4.13: Impact of λc on ϕ(ζ).
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Figure 4.14: Impact of Pr on ϕ(ζ).



Micropolar Flow of EMHD with Cattaneo-Christov Double Diffusion 77

0 1 2 3 4 5 6 7 8 9
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

Nb=0.3

Nb=0.4

Nb=0.5

Nb=0.6

M=0.3,      E=0.1,   f
w

=0.1,   Nb=0.8,   Pr=2.0,

=0.2,
1
=0.1=

2
,     R=0.4,

w
=1.3,

t
=0.1,

c
=0.1,   Ec=0.02,    Le=1.2,  n=0.2

Figure 4.15: Impact of Nb on ϕ(ζ).
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Figure 4.16: Impact of γ2 on ϕ(ζ).



Chapter 5

Conclusion

In this study, a review study of Hussain [30] is conducted and extended by consid-

ering the additional effects of Cattaneo-Christov double diffusion model with the

assumptionsoof laminar, steady, incompressible, twoodimensional, porous stretch-

ing sheet, viscous dissipation, nonlinear thermal radiation, Joule heating with

convective boundary condition.

The obtained system of PDEsois transformed intooa system of nonlinear and cou-

pled ODEs byousing a suitableosimilarity transformation. A numerical solutionoof

the system of ODEs isoobtained by employing the shootingomethod. The math-

ematical inferencesoare discussed forodifferent physicaloparameters appearing in

the solutionoinfluencing the flowoand heat transform. The following noteworthy

points can be drawn from the current investigation.

� The velocity profile decreasesowhile the temperatureoprofile increases asothe

value of α rises.

� The velocity profile decreasesowhile the temperatureoprofile increases asothe

value of fw rises.

� As K increases, the velocity profile rises, while the temperatureoprofile de-

creases.
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� The velocity profileodecreases while the temperature profileoincreases as the

value of M rises.

� As the value of γ1 rises, the velocity profile increases, whereas the tempera-

ture profile increases.

� The temperature profile increases as R increases in value.

� Rising values ofoboth Nb and Ntoreduces the rate ofoheat transfer on the

surface.

� Mass transfer rateoincreases for the Nboand decreases for the Nt.

� As the Ec value increases, the velocityoand temperature profiles are also

increasing.

� The temperature profile falls as θw rises.

� As value of Pr rises, the energy profile and concentration profile both show

a decreasing trend.

� With an increase in Nb, the concentration profile decreases and the energy

profile increases.

� Le increases as the concentration profileodecreases.

� With an increase inoNt, the energy profile and concentration profile both

rise.

� When the Cattaneo-Christov temperature parameter λt is decreased, the

nusselt number decreases and the sherwoodonumber rises.

� The nusselt number increases as the Cattaneo-Christov diffusion parameter

λc is decreased, whereas the sherwood number drops.
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